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Preface to the English Edition

In the English edition, the chapter on the Geometry of Numbers has been
enlarged to include the important findings of H. Lenstra; furthermore, tried
and tested examples and exercises have been included.

The translator, Prof. Charles Thomas, has solved the difficult problem of
transferring the German text into English in an admirable way. He deserves
our unreserved praise and special thanks. Finally, we would like to express our
gratitude to Springer-Verlag, for their commitment to the publication of this
English edition, and for the special care taken in its production.

Vienna, March 1991 E. Hlawka
J. Schoiflengeier
R. Taschner



Preface to the German Edition

We have set ourselves two aims with the present book on number theory. On
the one hand for a reader who has studied elementary number theory, and
who has knowledge of analytic geometry, differential and integral calculus,
together with the elements of complex variable theory, we wish to introduce
basic results from the areas of the geometry of numbers, diophantine ap-
proximation, prime number theory, and the asymptotic calculation of number
theoretic functions. However on the other hand for the student who has al-
ready studied analytic number theory, we also present results and principles
of proof, which until now have barely if at all appeared in text books. For
example these include the proof of the irrationality of the Riemann zeta func-
tion at the number 3, Newman’s application of complex variable theory to the
prime number theorem, and Hecke’s prime number theorem for the Gaussian
integers.

For the choice of material we have been able to rely on lectures held since
1948 in Vienna and since 1967 in Pasadena, but have still had to overcome a
number of presentational problems. We thank our fellow workers, colleagues
and friends, who stood ready to help us. Our particular thanks go to the
publishers Manz and to Dr. Franz Stein for his interest, his suggestions and
his patience.

Vienna, Advent 1985 Edmund Hlawka
Johannes Schoiflengeier

Rudolf Taschner



Contents

1. The Dirichlet Approximation Theorem ..............c.cccvvviun.... 1

Dirichlet approximation theorem — Elementary number theory — Pell equa-
tion — Cantor series — Irrationality of {(2) and ¢(3) — multidimensional
diophantine approximation — Siegel’s lemma — Exercises on Chapter 1.

2. The Kronecker Approximation Theorem ..................c.ccvuen 19

Reduction modulo 1 - Comments on Kronecker’s theorem — Linearly in-
dependent numbers — Estermann’s proof — Uniform Distribution modulo
1 — Weyl’s criterion — Fundamental equation of van der Corput — Main
theorem of uniform distribution theory — Exercises on Chapter 2.

3. Geometry of Numbers .........c.oiiiiiiiiiiiiiiiii it 38

Lattices — Lattice constants — Figure lattices — Fundamental region -
Minkowski’s lattice point theorem — Minkowski’s linear form theorem -
Product theorem for homogeneous linear forms — Applications to diophan-
tine approximation — Lagrange’s theorem — the lattice Z(z) — Sums of
two squares — Blichfeldt’s theorem — Minkowski’s and Hlawka’s theorem —
Rogers’ proof — Exercises on Chapter 3.

4. Number Theoretic Functions ..........coviiiniinriiinieennnnnnnn. 71

Landau symbols — Estimates of number theoretic functions — Abel trans-
formation — Euler’s sum formula - Dirichlet divisor problem — Gauss circle
problem — Square-free and k-free numbers — Vinogradov’s lemma — Formal
Dirichlet series — Mangoldt’s function — Convergence of Dirichlet series —
Convergence abscissa — Analytic continuation of the zeta- function — Lan-
dau’s theorem — Exercises on Chapter 4.

5. The Prime Number Theorem. ..........c.oviiiieneieeiennnanannnn. 106

Elementary estimates — Chebyshev’s theorem — Mertens’ theorem — Euler’s
proof of the infinity of prime numbers — Tauberian theorem of Ingham and
Newman — Simplified version of the Wiener-Ikehara theorem — Mertens’
trick — Prime number theorem — The ¢-function for number theory in Z(z)
- Hecke’s prime number theorem for Z(i) — Exercises on Chapter 5.



X Contents

6. Characters of Groups of Residues .............coovviiveeneienn.... 138

Structure of finite abelian groups — The character group — Dirichlet char-
acters — Dirichlet L-series — Prime number theorem for arithmetic pro-
gressions — Gauss sums — Primitive characters — Theorem of Pélya and
Vinogradov — Number of power residues — Estimate of the smallest primi-
tive root — Quadratic reciprocity theorem — Quadratic Gauss sums — Sign
of a Gauss sum — Exercises on Chapter 6.

7. The Algorithm of Lenstra, Lenstra and Lovész .................... 173
Addenda ...o.vviiiiii e e e s 184
Biblography . ...vitittte e 205
Solutions for the EXercises .......coououueiiiriiiiiiiiiiiiiiaanannns 208
Index of Names .....coiiniiiiiiiii e e et 235

Index of Terms . .vvtiii ittt et e e et 237



1. The Dirichlet Approximation Theorem

“The integers are the source of all mathematics.” Hermann Minkowski pref-
aced his book on diophantine approximation with this sentence and justifiably
— the natural numbers 1,23 ...are the only data which the mathematician
knows he has to hand. His lack of control over the real numbers, that is points
on the continuous real line is already plain from elementary examples — thus
the sum e + 7 cannot in the end, that is with complete exactness, be worked
out. Even simple questions about the way in which the number e + 7 is put
together are unsolved up to now. Therefore the construction of real numbers
from natural numbers is no simple problem. The theory of diophantine ap-
proximation seeks to understand how well, that is how closely, real numbers
can be trapped by relations with the integers.

Theorem 1: Dirichlet’s Approximation Theorem. For each real number
a and natural number N one can find a natural number n < N and an integer

p with
o - 2| < !
nl = Nn ~
In particular

[na |<1
p N

Proof. Dirichlet starts from the N + 1 numbers 0- a,1-a,2-a,...,Na and
then reduces them modulo 1, that is, forms the numbers z,, = na — [na],
n=0,1,2,...,N, which lie in the half-open unit interval [0, 1[. He subdivides
the unit interval into N half-open subintervals of equal length

m—1 m
Um=[-—N—,N|:, m=1,2,...,N,
and deduces from the fact that the N+1 points z,, have to lie in the N intervals
U, that at least two of the numbers z,, must belong to a common interval
Upn. Let 2., 2,» be numbers of this kind, which lie in the same interval U,,,
and suppose that n' < n'’. Then from the inequalities

_]n\: <n'a-[n'a] < ;1

m m+1
< n _ n

N Sn'a [n"a] < N
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Dirichlet deduces by substraction that

1 1
-7 < n"a—n'a—([n"a] - [n'a]) < v
The natural number n = n" —n' is certainly not larger than N; let the integer

[n"a] — [n'a] be p. ! 0

With the help of the Dirichlet approximation theorem one can demonstrate
very elegantly one of the most important theorems of elementary number
theory, namely the theorem about the linear diophantine equation. Let «
denote a rational number, that is, @ = u/v with u,v integers and v # 0.
The representation of @ as a fraction is not unique, since for each integer
¢ # 0 we have @ = u/v = cu/cv. In order to associate with a a uniquely
determined representing fraction, among all fractions u/v with @ = u/v one
chooses a = a/b with b the smallest possible natural denominator, for which
there exists an integral numerator with a = a/b. a/b describes a in lowest
terms.

Assume b > 2. By the Dirichlet approximation theorem for N = b—1 one
can find a natural number n < N and an integer p with

|an |—Ian |<1— !
PI=g" P ISNTs—1-

Multiplying by b gives

IA

b 1
|an—bp|<z—_—1=1+—— 2.

b—-1
Since an — bp denotes an integer, we must actually have |an — bp| < 1. The
possibility that an — bp = 0 is excluded, since it would imply that
a_p

A= — = —

b n

with n < b, contradicting the choice of a/b in lowest terms. Hence the only
possibility is an — bp = £1. From this one deduces

Corollary 1: Main Theorem on the Linear Diophantine Equation.
For each fraction a/b in lowest terms one can find integers z and y with

ar—by=1.

Proof. For b > 2 we showed above the existence of n and p with an —bp = 1.

In the case an — bp = 1 put ¢ = n,y = p; in the case an — bp = —1 put
z = —n,y = —p. If b = 1, the equation az — y = 1 is solved immediately by
z=0,y=-1. O

Starting from this theorem one can develop all of elementary number the-
ory, similarly to the way we chose in our own book on elementary number
theory, starting from the division algorithm with remainder.
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Besides the linear diophantine equation the so-called Pell (sometimes Fer-
mat) equation 22 —dy? = N is among the most important equations of number
theory. In what follows only the so-called special Pell equation z? — dy? =1
will be of interest, and here the cases d = a? with a integral, and d < 0 are
particularly easy to handle:

(Vd=a’:2?-dy’=(z—ay)(z+ay)=1:z2==21l,y=0fora#0;z =
41,y =t with tin Z for a = 0.

2)d=-1:22+y>=1:2=21,y=00rz=0,y ==l

B)d<-1:22+|dly?=1:2==41,y=0.

Now for the really interesting case, the equation z? — dy? = 1 with a
natural number d, which is not the square of a natural number, hence whose
root must be irrational. Pell himself could not say anything about this, but the
French lawyer, mathematician and founder of modern number theory, Pierre
de Fermat, certainly did:

Corollary 2: Fermat’s Theorem on the Pell Equation. If the natural
number d is not the square of an integer then the special Pell equation z? —

dy? =1 has infinitely many integral solutions.

Geometrically this means that there are infinitely many points with inte-
gral coordinates on the hyperbola z% — dy? = 1.

N A
™N A

N /
T
o]
e N
> N
4 .

Fig. 1. Hyperbola and lattice of integral coordinates

Proof. In fact it suffices to find a single solution z = £, y = n with  # 0. If we
write € = £+1V/d, & = € —nV/d, then 1 = ¢2 —dn? = (£ +nVd)(¢ —nVd) = ¢,
and so for the n-th power €™ the equation €™ - " = 1 holds. Moreover €™ =
(€ + nV/d)" is of the form z + yv/d with integral coefficients, and because of
the irrationality of v/d the representation is unique. By direct calculation it is
easy to check that given " =  + yv/d we have " = z — yv/d = (e™). In this
way the infinitely many powers e =  +y+/d lead to infinitely many solutions
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z,y of the special Pell equation (which because |¢| # 1 are all distinct from
each other). .

The proof of the existence of some solution £ = £, y = n # 0 succeeds
with the help of the following subsidiary proposition:

Lemma 1. For each irrational number a there ezist infinitely many fractions
(in lowest terms) p/n with |a — p/n| < 1/n?.

Proof. Assume the opposite, so that it must be possible to list the finitely
many such fractions with this property as

P P2 PK
nlan27 ,nK

Because of the irrationality of o the left hand inequality is satisfied in the
formula

1
O<la-Bl <=, k=1,...,K.
ng ng

Let us denote the smallest of the finitely many positive numbers

by § (and if K = 0 put § = 1). On account of the Dirichlet approximation
theorem with the natural number N = [1/6] + 1 > 1/6 one can associate
a natural number n < N and an integer p with |a — p/n| < 1/nN (where
without loss of generality p/n may be assumed to be in lowest terms). With

n < N the relation above leads to
1
o E[<

that is p/n belongs to the list above. For some suffix k£ we have p = pi, n = nyi
(in particular K > 1). From N > 1/§ it follows that

1
=<6
<N<

Pk
a_——

3

Nk

contradicting the definition of §. This shows that the assumption above is not
possible. 2 0

Continuation of the proof of Corollary 2. The irrationality of v/d implies the
existence of infinitely many fractions (in lowest terms) p/n with

1
0<’\/-—£I<—2.
n n

If we put @ = p+nv/d, @ = p—nv/d, then we deduce the existence of infinitely
many numbers a of the kind above with |a| < 1/n, and
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|a|=|p—n\/c-i+2n\/(7|§|&|+2n\/c_l$;1;+2n\/& :

Hence

|p2——dn2| = |aa| < (l+2n\/3) 1
n n
=;;17+2‘/252‘/3+1 )

Since the infinitely many integers p? — dn? lie in the bounded interval
[-2v/d — 1,2V/d + 1], there must be at least one integer a # 0 which coin-
cides with infinitely many of the p> — dn2. Call two of these infinitely many
numbers a = p + nv/d and 8 = q + mV/d equivalent, if p = g(mod |a|) and
n = m(mod |a|). There are at most a? equivalence classes arising in this way,
hence in at least one of these finitely many equivalence classes there must be
infinitely many of the numbers «, 3,... constructed above. Therefore there
certainly exists an equivalent pair a = p + nv/d, f = ¢+ mV/d with a # B.
Choose the notation in such a way that |a| > |8]. As a consequence

a——ﬂ=p—q+n-;m\/a

a a

is a number of the form z + yv/d, and finally

ad a
E—dpff=et=—=-=1
BB a
Since |e] > 1 we must have n # 0, and so £,7n form the required solution of
the special Pell equation. O

Lemma 1 is close to the supposition that diophantine approximations can
not only be used in the solution theory of diophantine equations, but also for
the proof of the irrationality of certain numbers. This is indeed the case:

Proposition 1. A real number a is irrational if and only if for each ¢ > 0
one can find integers z,y with 0 < |az —y| < e.

Proof. For each irrational number one can certainly find a sequence of in-
finitely many fractions p,/gn with strictly increasing denominators satisfying
the condition

Pn

a— ==
dn
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Given an arbitrary € > 0 choose n so large that ¢, > 1/e, and define z,y
by £ = gn, y = pn; then one indeed has 0 < |az — y| < €. If conversely the
condition above were satisfied for arbitrary ¢ > 0, and nevertheless o were
rational (i.e. @ = a/b with a an integer and b a natural number), then by the
assumption above with € = 1/b, one would have

0<|2-x— |<-1- ie
> y <3 ie
0<|az—-by|<1.

This cannot be satisfied for integers z,y. o

Ezample. Set a equal to the Cantor series

(o]
z z z z
a:Z — =_1+_2+ 3
oy 9192---9n 91 9192 919293

with an increasing sequence of natural numbers 2< ¢; < g2 <...<gn <00,
in which the coefficients z, take the values 0 or 1 independently of each other,
subject to the condition that for infinitely many n, 2z, = 1. Then with the
abbreviations Gy = ¢192...9N and

N
S Pn
ey 9192---9n Gn

the formula for the geometric series gives

_ ' ZN+1 + ZN+2
Gn g1-.-gNGN+1  91.--GNIN+19N+2

+oo]

1 1 1
<— (14 +...
g1...-gNgN+1 gN+2 gN+29N+3

1 1 1
<— (14 + o+
GNgN+1 IN+1 I
1 1 1

" GNoNe1 1— 1 " Gnlgn41—1)
gN+1

Assuming that the sequence {g,} is unbounded, since

1
0<|aGNy — Py| £ ———
gN+1—1

and for large enough N the right hand side can be made arbitrarily small, we
obtain an uncountable family of irrational numbers a. In the special case of
gn =n and z, =1 for all n, we have in addition proved:

Corollary 3. The base e for the natural logarithm is irrational.
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The actual proof of the irrationality of the second fundamental constant,
associated with the circle, namely m, will be put in a context which also covers
the irrationality of the numbers

=)

1 1 1 1 n?

C(2)=Z;=1+Z+‘g' 1—6+...=—6—
n=1

and -~
1 1
C(3)—E 5_1+8+E+a+ 5+...

n=1

The essential core of the proof is obtained from the formulae

dm—1+ +. +r2 // )" 1z dy

1—-=zy

and
¢(3) 1+ 5 +- +—

L] B

Both formulae are very easily established by working out the more general

double integral
r+o' a+o
/ / ————dzdy
1-zy Ty

for non-negative integers r, s and a non-negative real number o. Thus, if one
expands (1 — zy)~! as a geometric series, one obtains

r+a s+add 1
// 1—zy T oY= Z(k+r+a+1)(k+s+a+l)’

which for r = s, 0 = 0, immediately gives the asserted formula for {(2). If on
the other hand one differentiates the formula above according to o, and then
puts s = r and o = 0, one obtains

1 log(ay) =
—_ v rd dy = —_—
/OA —zy (xy) T ay ’;(k+r+1)3

=-z@m-%—%—m_%),

i.e. the asserted formula for ¢(3) .
If one carries on working out

141 r+v a+o 1
/0/0 1—z oy BW= z(Ic+r+a+1)(lc+s+a+1)

in the case r # s for some r > s, the right hand sum simplifies to
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i 1 1 B 1
s k+s+o0o+1 k+r+o+1

1 11
T r—s\s+1l40 T r+0o

If one now puts o = 0 one recognizes that

1,1 r,s
// Y dzdy, r>s,
0oJo 1—zy

represents a rational number, the denominator of which is certainly con-
tained in the square V(r)? of the lowest common multiple V(r) of all numbers
1,...,r. If one first differentiates

r+a s+o
// dzr dy
l—a:y
1 +o4 1
—r— s+l4+0c ' r+4o

according to o, and then puts ¢ = 0, one sees that likewise

/ / log(xy) ey dz dy

—1 ! + L >
Gruz T tE) T2

also describes a rational number, the denominator of which is certainly con-
tained in the cube V(r)® of the lowest common multiple V(r) of all numbers
1,...,r.

If now, encouraged by these preparations, one starts from the integral

/ (1_ )nP (m)d dy

1—=zy

with the polynomial

P@=%(£) @a-2)

and one observes that P,(z) has only integral coefficients, then working out
the integral yields an expression of the form

// 1—1_)"f(x)d dy —GLCV(%i;—b—,

in which a, and b, are integers. Partial integration of the left-hand side n
times according to z leads to
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cap [[ Ly,

_ an<(2) + bn
- V()

If now by means of an extreme value argument one calculates the maximum
value of y(1 — y)z(1 —z)/(1 — zy) inside 0 < z <1, 0 < y < 1, one obtains

y(1-y)a(i-z) _ (\/5—1)5
—_— 2 9

1—=zy

which implies that

n(l y)n n(l _ x)n
(1 —zy)nt! dedy

_|anc(2)+b,.| 5—1\"" [ dedy

= Vy 5( 2 ) L]
\/5_1 5n

(%) .

From this one obtains the estimate

0<

) \/E_) 1 5n
0 < |an¢(2) + bn| < V(n)? < 2‘ ) ¢2) .
If one could suppose that

lim V(n)? <\/54> =0

n—o0 2

one could apply Proposition 1, because one could choose the right-hand side
of the inequality obtained above to be arbitrarily small. This requires a more
exact knowledge of the number V(n). It is clear that V(n) < n™™), where
n(n) denotes the number of primes less than or equal to n, because there can
only exist 7w(n) different factors of V(n) and it is impossible for the exponent
of each of these factors to exceed n. The prime number theorem

lim m(n)

n—oo n/logn

will be proved in Chapter five of this book. Assuming its validity for the
moment, then by taking n to be sufficiently large one has

n
< C—_
m(n) <log3 Togn

and therefore can conclude that
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V(n) < nn-log 3/logn _ 3" |

A consequence of this is

5n
o5 i vior (552)

Sn n
< lim 9" (‘/5,_1> < lim (§) =0.
n—oo 2 n—0o 6

This proves
Corollary 4. The number ((2) = 72 /6 is irrational.

In particular we deduce

2

Corollary 5. Not only w itself, but also its square 7, are irrational.

Similar considerations lead to the irrationality of {(3) — starting from the
fact that, because of the initial calculations

[ 220 - 020

with a, and b, both integral. The identity

SLECH Y S,
1-zy o 1—(1—2zy)z

justifies the relation

ot [ 2558 .

which by n-fold partial integration according to z is transformed into

] / ' (zy2)" (1= 2)"Pu(y) dydz .

(1=(1—-=zy)z)"H?

Next one makes the substitution
1—2

wzl—(l—xy)z

and carries out an n-fold partial integration according to y in the resulting

integral,
///(l—x)"(l—w)" g(y) o dedydu

obtaining
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anC(3) + b n(l z)nyn(l _ y)"w“(l _ w)"
V(")3 /// (1-(1 - zy)w)~+ drdydw .

In the same way as before one does the extremal value exercise in order to
determine the maximum of z(1 — z)y(1 — y)w(1 — w)/(1 — (1 — zy)w) in the
region 0 < <1,0<y<1,0< w<1. Here one has

z(1 - z)y(1 — y)w(l — w) "
1-(1-zy)w <(V2z-nt.

The integral above has

(V2 - 1)t /1/1/11—_(—11?5);@@@
= (V2- 1)t / / :"fg‘y)d dy
=2((3)- (V2 -1)*"

as upper bound. If in

|an(3) + bn|

__1\4n
Ty S KB 2-1)

0<
one chooses n to be sufficiently large, and suppose that V(n) < 3", then the
right-hand side of the estimate 0 < |a,{(3)+bn| < 2¢(3)-27"-(v2-1)4" < ($)"
will be arbitrarily small. This proves

Corollary 6: Apéry’s Theorem. The number ((3) = 1 +1/23 +1/3% +
1/4% +... is irrational. 3

Until now the Dirichlet approximation theorem has only shown how
well a single real number can be approximately represented by a rational
number. Multidimensional diophantine approximations seek to describe sev-
eral real numbers a;,as,...,ar as well as possible by rational numbers
P1/4,pP2/4,- - -,pL/q having the same denominator. The evident generalisation
of the Dirichlet approximation theorem reads:

Proposition 2. Let ay,...,ar be L real numbers and N a natural number,
then one can find integers py,...,pr and a natural number n < NL with
Ptl 1 4
—=|< =, £=1 , L
la‘ n Nn’ ’

If one writes the approximation formula of this theorem in the form

1
laln"Pl|<—, ¢=1,...,L,
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one can ask oneself, if it might be possible to interchange the roles of denomi-
nator n and numerators py,...,pL, i.e. if instead of a simultaneous approxi-
mation of the L linear forms ajn,asn,...,arn by L integers py,ps,...,prL
one might achieve the simultaneous approximation of one linear form

L
Z amg =a3ny +agnz+...+apng
£=1

by a single integer p. Dirichlet himself showed that this is possible:
Proposition 3. Let ay,...,ar be L real numbers and N a natural number,

then one can find a natural number p and L integers n,,...,ny, which are
not all equal to zero, so that for £=1,...,L |ne| < NY/L and

L
Z Qene —p
=1

SN

holds. ®
A generalisation due to Kronecker contains both Propositions 2 and 3:

Theorem 2: Multidimensional Dirichlet Approximation Theorem.
Let ay1,a12,...,ap1 be M - L real numbers and N a natural number, then
one can find M integers py,...,pym and L integers ny,...,nr, where the ny
are not all zero, |ng| < NM/L| and satisfy the inequalities

L 1
Z AmeNe — Pm| < 33
=1

N

forallm=1,..., M.

Proof. The M-tuple

L L L L
Z Qe — Z [$3VAL7 2 N Z QMeTg — Z Qpene
=1 =1 =1 =1

lies in the cube [0, l[M, which decomposes into N™ subcubes

kl -1 k] kM -1 kM
Ukh«--»kM= ——N—,W[X...X[T,—N— , ].Sk,'SN.
In order to apply the Dirichlet pigeon hole principle one must ensure that
the ny1,...,nL range over more L-tuples than there are subcubes. If we fix

0 < ng < P there are (P + 1)X L-tuples ny,...,ny; the requirement that
(P+ 1) > NM leads to P +1 > NM/L 1t suffices therefore to set P =
[N M/ L]. Under this assumption once more two of the M-tuples
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L L
Z QUmeNe — Z QmeTg
£=1 =1

have to lie in one of the subcubes Uy, ...k, ; i-€. for distinct nj and nj, we have

km - 1 < L ' L ' km
N = Z Amelty — E Umeng | < 7
£=1 =1 v
L L
km — 1 n km
N S.tzzlamln(_[zamtnl;]<w‘, m=1’...,M.

=1

From this with , '
1
Ne="ny — Ny,

L L
DPm = [Z amlnl[':| - [Z amtnltjl
we have

1

<N

L
Z AmeNe — Pm

=1

forallm =1,..., M, as asserted. From 0 < nj, < P < NM/L 0<ny <P<
NM/L we obtain |ng| < NM/L | and since n), and n} are distinct, not all the n,
are equal to zero. In the case L = 1 one can even assume that ny > nj with ny

a natural number. This proves the theorem above and also finally Proposition
23, o

Finally one can ask how small linear forms

L L
Z Q1LTEy . - -y Z METL
=1

=1

can occur.

Corollary 7. For each M -tuple

L L
Z A1eThy .-y z aMeTe
=1 =1

of linear forms formed from the elements ame of the real M x L matriz, one
can find integers ,,...,r, not all equal to zero, which possess the properties

|ze) < NM/L for £=1,...,L
and

<2L-A-NM/L-1 for m=1,....M .

L
Z AmeTye

=1
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As before N denotes an arbitrarily chosen natural number and A stands for
the mazimum absolute value among the elements ame in the matriz above.

In this estimate what is important above all else is the appearance of more
variables than linear forms, i.e. in all cases M < L.

Proof. It is simplest to begin with the M linear forms

L L

E KO&meZe = K+ Z AmeZe

=1 =1
where the size of the positive constant « will be fixed later. Theorem 2 ensures

the existence of an M-tuple of integers p,...,pym with

<L
N’

L
Z KOmeZp — Pm
=1

where not all the integers z,,...,z1 are equal to zero, and the z;....,zL
satisfy the inequalities |z¢| < NM/L, The idea of the proof rests on the con-
sideration, that one can choose & in such a way that |p,| < 1, so that all p,
must equal 0. This succeeds with the help of the estimate

L L
|pm| = |Pm — E KQmeTe + z KOmeTe
=1 =1
L L
< |pm — Z KQmeTe| + K - Aoy
=1 =1
1 L 1
il . — .A.NM/L
<Gt ;|am,| loel < 5 +L-A-NMIE

One achieves p,, = 0 by setting
%+KLANM/L =1,
ie.
—(1-Lty__Lt
*=\""N) TANME >

assuming that A > 0. However the case A = 0 is trivial. As a consequence one
now has

L 1
K Z AmeTe| < ]_V-
=1
XL: 1 LAN—1+M/L
Am ey <— =
=1 kN 1- l

N
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with which for N > 2 the assertion is already proved, given that it is certainly
true that 1

1
1-%5

For N =1 it suffices to put =, = 1, since the assertion then follows from

L
:->_ QAmele
=1

<2.

L
<Y lome <LA. 0
=1

In practice the application of Corollary 7 makes it possible to solve systems
of homogeneous linear equations

L
Zamlm,=0, m=1,2,...,M,
=1

with more unknowns than equations in integers z,, when not all the z, vanish.
The coefficient matrix of the a,,¢ must here consist of integers. It is therefore
enough to arrive at

L

E AmeTe

=1

<1 forallm=1,...,N .

Then (with ame = ame), because of

L

E AmeTe

=1

it is enough to require 2L ANM/L -1 < 1 je. N > (2L A)L/(2=M)_ This result
ties up the following theorem:

< 2L ANM/L-1

Corollary 8: Carl Ludwig Siegel’s Lemma. If the coefficients ame of the
M linear forms

L
E amexe, m=1,...,. M ,
£=1

are integral, and if the number L of the variables z,,...,z1 exceeds M, then
one can find integers xy, which are not all zero and which solve the equations

L L
Z alt.’l)[:O,...,Z apexze =0 .
=1 £=1

If one denotes by A the greatest absolute value occurring among the elements
ame 0 the coefficient matriz, then one can even arrive at

jzdl < ([eL )™ ] + 1)%
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Siegel applied this result in the proof of the transcendence of certain real
numbers.

Exercises on Chapter 1

An asterix indicates a harder exercise.

1.
2.

* 7.
. Let ¢ : IN — (0,1]. Show that A(¢) is dense in IR.
*9.

10.

Find integers p,q with 1 < ¢ <'50 so that |rg — p| < 35.

For each natural number N > 1 find some real number «, so that, for all
integers p,q with 1 < ¢ < N, we have |ag — p| > . (This means that the
inequality 1 < ¢ < N in Theorem 1 cannot be sharpened.)

. For each real number z let (z) denote the distance from = to the nearest

integer. Then
n(a) :=sup {y € R :lim,_,,, ¢"(gqe) = 0}
is called the type of a. Show that:

(i) If a is rational, then n(a) = oo.
(i1) For all real a, n(e) > 1.

. Let (gn)n>1 be a monotonically increasing sequence of natural numbers, 2 < g2

and lim,—oo gn = 00. For n > 1 let 2z, € {0,1}, and for n > 0 let

2k
g1...9k ’

angl...g,.,P,.zG,.z
k=1

Write o = 300 | ﬁ. Show that for n > 0, zn41 = [Grn+1a] — Pagnt1.

. Let (gn)n>1 be a monotonically increasing sequence of natural numbers, 2 < g»

and lim,—co gn = 00. For n > 1 let zn, wn € {0,1} and

oo
2k _ Wk
Zgl...gk—ggl...gk '

=)
k=1

Show that, for n > 1, w, = 2z, .

. Let ¢ : IN — (0,1] and « be irrational. ¢ is called an approzimation function

for a, if there exist infinitely many rational numbers % with |ag — p| < ¢(q).

By A(y) we denote the set of all @ € IR \ Q having ¢ as an approximation
function. Show that if @ € A(y) and (pn,qn)n>1 is a sequence of distinct pairs
in Z X IN with |agn — pn| < ¢(gn) , then limp_co gn = 0o.

Let ¢ : IN — (0,1]. Show that A(¢) has the same cardinality as IR.

Let ¢ : IN — (0,1] and Y 2, ¢(g) < co. Show that A(y) has measure zero,
(Chinchin’s theorem).

Let o be irrational. For all natural numbers k suppose there exists a rational
number 2 with ¢ > 1 and |e — ’q3| < ¢~F. Then a is called a Liouville number.



*11.

12.

13.
* 14,
15.

16.

17.

18.

* 19.

20.
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Denote the set of all Liouville numbers by £. For k > 1 let ¢ : N — (0,1] be
given by ¢r(q) = g~ *. Show that the following statements are equivalent:
i) a€L

@) ae ) Al
(i) o Q-a.nd n(a) = oco.

Let a be a real algebraic irrational number, which satisfies a polynomial of
degree n with integral coefficients. Show that there exists some ¢ > 0, so that,
forall 2 € Q, |o - *q°-| > cq™™ (Liouville’s theorem).

Show that each Liouville number is transcendental, and that £ is a dense,
uncountable subset of IR with measure zero.

Show that Q* - £L = £ and that Q + £L = L.
Show that £ + £ = IR (Erdds’ theorem).

For n € IN let 7, = {% : (a,b) € Z X N, b < n}. F, is called the nth Farey
series. Show that F, is neither bounded above nor below, and has no point of
accumulation. Hence for ¢ € Fy, (—00, 2)NF, has a greatest (resp. (§,00)NFx
a smallest) element. This is called the lower (resp. upper) neighbour of & in
Fa.

Let %,%,? be fractions with b,d, f € IN and let |ad — bc|] = 1. Show that
there exist integers =,y with az + cy = e, bz + dy = f, and that ? then lies

(properly) between ¢ and §, when these are positive.

Let %, £ be fractions with b,d € IN and |ad — bc| = 1. Show:
(i) If max(b,d) < n < b+d, then £ is a neighbour of § in F.

(i) Ifb+d < n, then £ is not a neighbour of £ in F,.

Let £, £ be fractions in Fy, b,d € IN and g.c.d.(a,b) = g.c.d.(¢,d) = 1. Show
that the following statements are equivalent:

(i) % and £ are neighbours in F,.

(i) n<b+dand|ad—be| =1.

Let a be a real and n a natural number. In lowest terms let the fractions ¢
and § be neighbours in F;,, and so chosen that § < a < §. Then one of the

three fractions % € {%, £, %ﬁ} satisfies the inequality

1
V5g?

o P

q

<

Let a be irrational. Then there exist infinitely many fractions g— with

1
V/5¢?

a-2l«
q

(Hurwitz’ theorem) .

Hints for the Exercises on Chapter 1

7.

Let Z = {(zn)n>1 : forall n > 1, 2z, € {0,1} and for infinitely many n,
zn = 1}. This set has the same cardinality as IR. One can choose a monotone
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11.

14.

18.

19.

1. The Dirichlet Approximation Theorem

increasing sequence of natural numbers (gn)a>1 With lims o gn = oo and
g1 > 1+ m for n > 0. By (5) the map ¥ : Z — A(p), ¥ ((2n)n>1) =

{o o] F3
—le
E n=1 T1.oam is injective.

. It is enough to show that for each g € IN, A(¢) N [—g, g] has measure zero. For

this show

A(p)N[-g,9] C ﬂ U U (-_.‘Pq—q §+_SIL))

N=1¢=N |p|<gq

Let m(z) € Z[z] be irreducible, m(a) = 0. Put ¢1 = sup|,_4<; [m’(¢)| and ¢ =
min(1,¢;!). Then without loss of generality one can suppose that Ia - ﬂ <1
By the mean-value theorem there exists some xo between a and 5 with

~(2)
q

By (13) it suffices to show that each a € (0,1), a ¢ Q U L, is a sum of two

Liouville numbers. Let a = Z:":l ax2~* be the dyadic expansion of a. It is

possible to define a sequence (n4),, of natural numbers by nx! < k < (nk+1)!
and for k£ > 1 to put -

"<

2 mll'o .
2| (e

b = %(1 _(—1)"")ak, k= -;—(1+(—1)"k)akv

ﬂ:ibﬂ"‘, 7=§:ck2_k .
k=1 k=1

Show that with ¢ = 2028)!-1 and Pk = qk b-2'j, we have
i
1<5<(2k)!

—k
<@ -

In order to prove (i) = (ii) choose w.l.o.g. b < d and zo,y0 € Z so that

dzo — cyo = sgn(ad — bc). For t € Z let x¢ = zo + ct, y: = yo + dt and choose t

maximal w.r.t. the condition y; < d. By (17) £ is a neighbour of § in ;4 and
a

. . Do ¥,
indeed an upper neighbour, if it is . Hence o=%

Wlog. let § < a < :—j_% < £. One argues by contradiction. From (18) by
addition of suitable inequalities one obtains

1 1 1 1 1 1 1 1
_—> — -4 =
b(b+d)—¢g(bz+(b+d)2> and bd>f(b2+d2)

However there exists no rational number z = -‘b!, which satisfies

\/52m+1+ and \/52:1:+é.

1
z+1



2. The Kronecker Approximation Theorem

By the Dirichlet approximation theorem, for each real number a and each
natural number N there exists an integer p and a natural number n < N
with |an — p| < 1/N. If instead of the real number a and the real line IR one
considers only the fractional part a — [a] = {a} and the half-open interval
[0,1], i.e. one identifies two real numbers if they differ only by an integer,
then from the algebraic point of view this implies a reduction to numbers
modulo 1 and passage from IR to IR/Z. From the geometric point of view it
involves rolling up the real line onto a circle of circumference 1, where the
circle replaces the unit interval [0, 1[. Topologically open sets on the circle are
identified as open sets on [0, 1], i.e. neighbourhoods in [0, 1] are defined by the
quotient topology in IR/Z. Considered in this way Dirichlet’s theorem states

Proposition 1. In each neighbourhood of zero there are infinitely many num-
bers of the form an(modulo 1) where n runs through the natural numbers and
a 18 real and arbitrary.

Here one must distinguish more carefully between rational and irrational
a. The rationals a = a/b form the singular case: for all integral multiples
n = kb of b one has an = 0(mod 1). If the highest common factor (a,b) =1,
the remaining multiples an in any case cannot lie in each neighbourhood of the
zero point. In the regular case of irrational a on the other hand it can never
happen that an = 0(mod 1) for n # 0. That one limits oneself in the Dirichlet
theorem to neighbourhoods of the zero point characterises the theorem as
a statement about a homogeneous approximation problem - similar to the
theory of systems of linear equations

L
Zamlxt'_—'ﬂma m=1,...,M,
=1

which is said to be homogeneous if §; = ... = By = 0. For a system of singular
linear equations with arbitrary values §,, on the right-hand side there in
general exists no solution. One obtains a similar result in approximation theory
by passing from the singular case of a rational number to the inhomogeneous
approximation problem.
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Proposition 2. For rational numbers a = a/b it is impossible to find for each
real B and each positive number ¢ integers n,p for which the inequality

lan — B —p|<e
holds. 7

Proof. If this were the case (assuming b > 0) then |an—bp—bp| < be, which for
B = 1/b\/8 leads to the realisation that there must be some integer g = an—bp
with |g — 1/+/8| < be. However since

|~

[

<

Sl
>

2
1/+/8 is at least a distance 1/v/8 from the nearest integer, and moreover

1 — —

Y Rl Y

it follows that & > 1/bv/8. But this contradicts the assumption that one can
take € > 0 to be arbitrarily small. o

< be

On the other hand analogously to systems of linear equations, in approxi-
mation theory for the regular case of an irrational o the inhomogeneous ap-
proximation problem is always solvable. This is the core of the statement of
the Kronecker theorem.

Theorem 1: Kronecker’s Approximation Theorem. For each irrational
number a, each real number B, each preassigned arbitrarily small number
€ > 0, and arbitrarily large number 2, there exist integers p and n with
In| > 2 and |an — B — p| < e.

If we reduce modulo 1 the integral part p falls away from an — 8 — p,
and we can formulate the Kronecker approximation theorem in the following
simpler manner.

Corollary 1. For each irrational number a infinitely many of the numbers an
modulo 1 lie in each arbitrarily small e-neighbourhood of an arbitrary element

B from [0,1].
Even simpler:

Corollary 2. For each irrational number a the set of numbers an reduced
modulo 1 is dense in the whole interval [0, 1[.

Proof. For the proof of the Kronecker theorem one starts from the fact that
there exists an integer g and a natural number ¢ with
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0<|ag—g|<e .

The left-hand inequality holds because of the irrationality of «, and one ob-
tains the right-hand inequality by means of the Dirichlet theorem by choosing
N > 1/e. Now form the equations n = kq, p = kg + ¢, where the integers k
and c are to be determined in the course of the proof. Since one must have

lan — B —p| = |k(ag —g) — B —¢]

+c
=Mq~ﬂ-h—-ﬂ
agqg—g
remaining smaller than ¢, fix k¥ by means of the equation
k=[ﬂ+c]+1.
ag—g

Finally choose ¢ so that |n| > 2. Because |n| = g|k| it suffices to restrict
oneself to |k| > £2, that is,

Btels ot
ag—g
The inequality
B+c lel 18l
ag—g| " log—g| |ag—g|

shows that the condition above is guaranteed, if one ensures that |c| >
(2 + 1)|ag — g| + |B]. In this way not only is

lan — B —p| <e
guaranteed, but also |n| > §2, which was to be proved. O

Remarks. (1) It is possible to require that either n > £2, or n < —£2. In order
to achieve n > {2 one has to take care of k£ > 0. The proof allows an arbitrary
preliminary choice of ¢. For n > 2 it suffices to let ¢ have the same sign as
aq — g. Then from

AT
ag—g aqg—g ag—4g
z(n+ 8 )— A
aqg—4g ag—4g

one does indeed have k > 0. If on the other hand one wants to achieve n < —§2,
one requires that ¢ have the same sign as ¢ — aq. Then

k=[ﬂ+c]+1s— : B |+L
aqg—g aqg—g aq—g
k> | L- P _|_15a0,

ag—g aq—g
k< -0,

which implies that k < 0.
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One might think that more simply one can justify the free choice of sign

by replacing
lan— B —p|<e
by
la(—n) = (=B) = (-p)I <€ .

However this justification fails because n depends on 3 — the earlier argument
still stands. v

(2) One could have shown immediately that n > {2, had one known that,
for each irrational «, each real 8 and each ¢ > 0, there exists an integer p
and a natural number n with |an — B — p| < ¢, i.e. the introduction of c into
the proof would not have been necessary. Then one would have been able to
replace 8 by #' = 8 — af? and for integral p’ and natural number n' to obtain

lan' — ' = p'| =|a(n' + 2)-B-P| <e .

Whenn = n'+2, p = p’ this implies that n > §2 (supposing that {2 is a natural
number). This argument fails in the generalisation to several dimensions.

(3) The Kronecker theorem gives arbitrarily large lower bounds for n,
while one is accustomed to upper bounds for n from the Dirichlet theorem.
Indeed it is not possible to give a constant K(e) dependent only on ¢, so that
for arbitrary irrational o and real B one can always find an integer p and a
natural number n < K(¢) with |an — 8 — p| < €. For example, if ¥ is some
irrational number lying between 0 and 1 and 8 = %, then from the existence
of n < K(1/8) = K and p with

n 3 i L om 3 1
oK 4 P|Sg T8 3k "1 P @
8 2K 8- 2K VI 4
<1 8, 9 S5, 1K 1
8 472K ST8Ta2K T "8

it would follow that the integer p would have to satisfy the impossible inequal-
ity
-7/8<p<-—1/8.

Instead of a single irrational number a the multidimensional version of
the Kronecker theorem makes use of L real numbers ay,...,ar which are
linearly independent over Z. By this we mean that for all integers z;,...,z,
the integral nature of the expression

L
Z Toap

£=1
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must imply that z; = z2 = ... = z; = 0. For example, if a single number «
is dependent over Z (L = 1) there exists an integer n different from zero so
that na = p is likewise integral, i.e. @ = p/n is rational. Conversely a single
irrational number is linearly independent over Z.

Theorem 2: Multidimensional Kronecker Approximation Theorem.
Let ay,...,ar be real numbers linearly independent over Z, B,,...,B8L ar-
bitrary real numbers and ¢, {2 arbitrary positive numbers, then one can find
integers n and py, ..., pr, with

layn — By —p1| <e,...,lagn— B —pL| <€,

where |n| > 2 and the sign of n can be arbitrarily chosen. 8

Before giving the proof let us give a short sketch of the importance of
this theorem. Again consider the numbers a;,...,ar, modulo 1, that is we are
interested only in their fractional parts. Instead of the space RE of all real
L-tuples we now work in the space RL/ Z" of L-tuples reduced modulo 1.
The relation

agm — By — pe = agn — By (mod 1) £=1,...,L ,

shows that the integers p;,...,pr only play a marginal role in the theorem.
The following statement is important:

Corollary 3. Given L numbers ay,...,ar linearly independent over Z, there
are infinitely many L-tuples (ayn,...,arn), n=1,2,... (modulo 1) in each
arbitrarily small e-neighbourhood of an L-tuple (By,...,B8L) from IR /ZL.

Here one considers that as a set IRY/Z” agrees with the L-dimensional
unit cube [0, 1[Z, but is equipped with the quotient topology of RY/ZL. From
the geometric point of view this implies the identification of pairs of opposite
(L — 1)-dimensional bounding surfaces. For this reason IRY/Z% is called the
L-dimensional torus.

Seen in this way the Kronecker theorem states

Corollary 4. For L numbers ay,...,ar linearly independent over Z the set
of L-tuples (ayn,...,arn) reduced modulo 1 is everywhere dense in the L-
dimensional torus [0,1[L.

Proof. In 1934 Estermann carried out the full inductive proof of the Kronecker
theorem; for L = 1 we have the conclusion of Theorem 1. The inductive as-
sumption is that Theorem 2 holds as stated for L' = L — 1, and in order to
carry out the inductive step we take L numbers ay,...,ar linearly indepen-
dent over Z, real numbers 8, ..., and arbitrarily chosen positive € and 2.
With the help of a positive number §, whose magnitude will be given in the
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Fig. 2. Construction of the torus from the unit square

course of the proof, one can find integers g;,...,gr and a natural number ¢
with

0<|aeg—gel <6, £=1,...,L .
The left-hand inequalities follow from the irrationality of the ay, the right-
hand from the multidimensional version of the Dirichlet approximation theo-
rem. One has only to take N > 1/6.

As for a single dimension put n = kq, p1 = kg1 + c1,...,pL = kgL +cL
with as yet undetermined k and ¢;,...,cr. We then have

|aen — Be — pe| = |k(aeq — ge) — Be — ce|

= |aeq — gel

k— Be + ce '
g — ge

For the last component £ = L Estermann argues analogously to the one-
dimensional case. He puts

_ Brtect

k=
arq —Jgr

+"97 'CLIZQIan_gLI+|,3LI )

where 9 with 0 < ¥ < 1 increases the fraction as written to the next larger
integer. In this-way he obtains

lagn —BL —pL| < 6, |n|> R

and also that n is positive or negative depending on whether ¢, has the same
sign as ag—gy ornot. For £/ =1,2,...,L—1 = L' Estermann now considers
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apn — fp — pp = apkq— Bo — kgp — cp

= apq (_&jﬂ. +0) — (M +19) ge

arqg —4gL arqg —9gL
— By —ce

_ arg—ge Br(aeg — ge)
=cp|———— )|~ |\Be —————
arqg —4gL arq —JgL
—cr +9(arg—gr)
and defines the numbers &;,...,&;_; and Bi,...,B;-1 by

. aprq—ge  x Br(arq — ge)
————, Bp =Py -7

Qp = )
arq — gL arq — gL
The &;,...,éa&r—; are linearly independent over Z. For with integral parame-
ters zi,...,z1 the equation

L—-1
z Tpbp + L

=1
L-1 L-1 1
=zL+ (Z Tpopq— Z xtlflﬂ) PP 0

=1 =1
leads to
. L L
Z qzTe0p = Z Zege
=1 =1
which because of the linear independence of ay,...,ar over Z, implies that
gry =...=qzrp =0 and then also z; = ... =z = 0. Besides this one has

1a‘/n — ﬂll _ plll
< ICL&t' — By — Cl'| + |apq — ge|

+6.

< ICL&t' — Be —cor
Given the inductive assumption there exists an integer 7 with
| 2 2larg — gz| + |BLl
and integers Py, for which
Gofi— P —pu| <6 .

Moreover the sign of 71 can be freely chosen. Since ¢y, only has to satisfy the
condition

le| > Rlarg — gr|+ 1Bl
and one may suppose the sign of n as already given, it is possible to setc = i,
and cp = pp. In this way one obtains not only |n| > 2,
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lagn — Br —pL| <6 ,

but also
loen — Be — pe| < 26

for all £. Since there is no problem in taking § to be smaller than ¢/2, Ester-
mann has completed his proof of the theorem. o

Bohl, Sierpinski and Weyl found another proof of the Kronecker approxi-
mation theorem by passing from the sequence

({aan},...,{arn}) = (can — [a1n],...,aLn — [aLn]),
n=12,...
in RL/Z" to arbitrary sequences wy with elements (wi(n),...,wr(n)), n =

1,2,... .

IfJ = [0, B1[X ... x[ar, BL[ is some parallelepiped in [0, 1[* aligned along
the axes and by A(we, N, J) one counts the number of sequence elements lying
in J from among

(w1(1),...,wr (1)), (W1(2),...,wL(2)),...,(W1(N),...,wL(N)) ,

then wy is said to be uniformly distributed in [0, 1[F if the quantity ﬂﬂ’—‘;{,—l\-’-‘—&
tends as N — oo to the volume vol(J) = (1 — a1)...(BL — ar) of the
arbitrarily chosen solid. A sequence w; in IR is said to be uniformly distributed
modulo 1, if the mod 1 reduced sequence {w,} with typical element

(Wi(n) = [wa(n)],. .., wi(n) = [wi(n)]),
n=123,...,

is uniformly distributed. Since each non-empty open subset has positive vol-
ume, the following statement is immediate:

Proposition 3. Each uniformly distributed sequence is dense in [0,1[L.
The assertion

Proposition 4. If a;,...,ar are linearly independent over Z, the sequence
of L-tuples (ain,...,arn), n =1,2,... is uniformly distributed modulo 1,

contains the conclusion of Kronecker’s theorem. This asserts only the den-
sity of this sequence. Weyl’s method of proof rest on a reformulation of the
definition of uniformly distributed”. '

Let c; denote the characteristic function of the parallelepiped J in [0, 1[Z,
i.e. cj(x¢) = 11if (z4,...,z1) belongs to J and cj(z;) equals zero otherwise.
Then

N
A(“"_}VM‘Q - Tb—; cy(we(n)) .
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If for an arbitrary function f on [0, 1[* one defines the positive linear functional
#wN by

1 N
ol ()= D fwe(n)

then the definition of uniform distribution asserts that for all characteristic
functions f = ¢ of parallelepipeds one has

1 1
Jim_ #uw, N (f)=v01(J):/0.../0 f(ze)dzy ...dzy .

The linearity of the functional implies that

1 a1
lim #w,N (f):// f(z1,...,z)dzy ... dz
N—oo o Jo

for all step functions. This relation then holds for all Riemann integrable func-
tions.

Thus if f is Riemann integrable (and real-valued), then we can find two
step functions f;, fo with f; < f < f2, the integrals of which differ from each
other by an arbitrarily small amount:

1 1
// fo(z1,...,zr)dzy .. . dzy,
o Jo

1 1
—/ / fl((L‘l,...,.'L'L)d.’lil...d.'tL<€ .
0 0

From
1 XN
im — = L #.,,N
A}un N,,E=1 fl(wl(n))—th we” (fr)

1 1
=// fl(xl,...,:cL)dxl...de
0 0

1 1
2/ / f(z1,...,zr)dzy ... dxp — €
0 0

it follows that for sufficiently large N

LN
i Y- fi(we(n)) = *we (f1)

n=1
1 1
>/ / f(xl,...,a:L)dxl...dmL—e ,
0 0

which forces
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1 N
i > fwi(n),...,wr(n)) = *wN (f)
n=1

1 1
>/ / f(z1,...,zp)dzy ...dzp — 2 .
0 0

Analogously one obtains
1
i Y fwi(n),...,wi(n) = *wN (f)
n=1

1
<// f(z1,...,z1)dzy ... dzp + 2¢ .
o Jo

With this calculation one has already shown part of the basic theorem from
Wey!’s theory of uniform distribution.

Theorem 3: Weyl’s Criterion. A sequence w; in RY is uniformly dis-
tributed modulo 1, if for all integral L-tuples (hy,...,hr) which are different
from (0,...,0) one has

1 & L
A}EIIOON‘ r; 627" 2[:1 hlwl(n) — 0 .

It is clear that in the presence of the uniform distribution of w; modulo
1 the criterion holds, for the exponential function, because of its periodicity,
does not distinguish between the sequence and its reduction modulo 1. If not
all hy,...,h are equal to zero, then

1 1
// ezmzl=1h‘“dw1...da:1,=0
o Jo

holds.

It remains only to prove that, if the sequence satisfies the criterion, then
it is indeed uniformly distributed modulo 1. Of course the equation set out in
the criterion holds when hy = ... = hp =0,

z

.1 27 S°F  hpwe(n)
Jim, 37 3 e B e

1 1
=// ezmzt=1h‘"dx1...dx1, .
o Jo

If it also holds for all other integral hy, then because of the linearity of the
functional it holds for all trignometric polynomials. By the Weierstrass ap-
proximation theorem, for each real-valued continuous f (with period 1 in each
component) one can construct a real-valued trignometric polynomial f. with
|f — fe]l < €, € assumed to be arbitrarily small. The functions f; = f, — ¢,
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f2 = fe + € are two trignometric polynomials which catch f between them,
and for which the integrals

1 1
// fi(z1,y...,xL)dzy ... dz
o Jo
1 1
// fo(z1,...,zr)dzy ... dzL,
o Jo

differ from each other by 2¢. Analogously to the argument carried out above
one obtains

1 1
lim #w,N (f)=// f(z1,...,xp)dzy ... dzy, .
N—o0 0 0

If J = [o1,B1[% ... X [ar,BL] denotes a subparallelepiped of [0,1[F and c; is
the characteristic function of J, extended with period 1 to all of R”, then one
can give continuous functions fi, fo with f; < ¢y < f, and make the difference
between the integrals

1 1
// fg(:cl,...,:cL)d:vl...da:L
0 0
1 1
—// fl(l'l,...,.’l,'L)d.’lIl...d.’l}L
o Jo

arbitrarily small. Thus, if in the case 8y — ay < 1 for a sufficiently small € one
puts

(:B—-a[’ g <zc<apte
1, appte<z<Pr—c¢
ge(z) =
Be—z
— Be—e<z< Py
\ 0, be<z<l+as,
(_—x—(aeg—e), ap—elz<ay
1, ap <z <Py
Ge(z) = ¢
@2, Be<z<PBete
u07 ﬂt+€S$<1+at—€,

extends this function to IR with period 1, and for B, — ay = 1 writes g¢(z) =
G¢(x) =1, then for
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Az, z) = gi(zr) ... gr(zL)
fz(.’tl,...,zl,) = Gl(z']) L— GL(:IJL)

one does indeed obtain continuous functions with the desired property. Be-
cause of this property one obtains

N
.1 .
iy 2 es (welm) = Jim ol (eg)

n=1
1 1
=// ci(z1,...,zr)dz;y ... dr
0 0
=vol(J) ,

which proves the uniform distribution of wy modulo 1.
In the example of the sequence

(wi(n),...,wr(n)) = (aan,...,arn)
n=12,...,
with ay,..., ar linearly independent over Z, for integral hy,...,hr the inte-
grality of hyay +...+ hpay is only possible if hy = ... = hy = 0. In all other
cases, because of the sum formula for the geometric series, we have
N . L N . L
E 2 Elﬂ hewe(n) _ Z o2 Zl=, heasn
n=1 n=1

.x~L
2w
L l1—c¢ E;=1
—= e21rl 2[:1 heoy . —
1-— 62’" Zz:x heoy

The denominator is different from zero and independent of N; the numerator
is bounded in absolute value by 2. This proves Proposition 4 and hence once
again Theorem 2. O

Weyl tried to obtain further examples of uniformly distributed sequences
modulo 1. For these we first prove the following subsidiary result:

Lemma 1: Fundamental Inequality of van der Corput. Let f denote

a complez-valued function defined on the natural numbers with |f(n)| =1 for
alln=1,2,...,N, then for all Q < N one has the inequality

N
> f(n)
n=1

“(a) (e (-9

g=1

2

) .

N—q
Y fmf(n+9)
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Proof. For the sake of simplicity suppose that for all integers k < 0and k£ > N,
f(k) is put equal to zero, so that we have

Q oo

QZf(n) Yo > fk+7)

r=1 k=—o0

oo Q

Z E f(k+r)— Z Z f(k+r) .
k=—o00 r=1 k=-Q r=1

Applying the Schwarz inequality gives

2

N N-1 Q
QY flm| < > 1 Z Zf(k+r)
n=1 k=-Q k=—Q |r=1
0o Q
=(N+Q)- ) (Z flk+7) Z f(k+s)>
k=—oco \r=1
Q oo

=(N+Q)- > > flk+n)fk+s)

r,s=1 k=—o0
Q oo

=(N+Q)[Z Z f(k+r)f(k+s)

r, k=
r

-
I
-

[\/].o

Z flk+r)f(k+s)

1k

.,
o 2

+ 3 % fk+nfET

re=1 k=—00
r>s

The first summand in the square brackets is

[o ]

Q
Y D> fk+n)f(k+s)

re=1 k=—o0
r=s

Q N-r
=Y Y Ifk+n)l=NgQ.

r=1 k=-r+1

For the second summand we make the substitution s =r+¢,¢ < Q —r, so
that
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Q oo
Yo Y fk+r)f(k+s)

re=1 k=—o0

r<s
Q Q-r

=2 D> fk+nfk+r+q)

k

-
-y
Il

-

o
d

il
Mo

> flk+r)f(k+r+4q)

k

L)
Il
et
O
P
< -

NE

f(n)f(n+q)

|
Me

=
I
]
I
3
I
|
8

(o o]

Q-9 Y f)f(n+q)

n=-—0oo

il
Me

<
I
-

N—gq

Q-9 f()fln+g) .

n=1

I
Mo

<
1l
—-

The third summand is complex conjugate to the second, hence

2

N
Q) f(n)
" Q © (N-¢
<S(N+Q) (NQ+2-Z(Q—q)-Re<Z f(n)f(n+q)>)

q=1 n=1

holds. Division by Q2 proves the fundamental inequality. 1° From this follows
very quickly

N—gq .
3 F@fn+9)

=1

Q
s(N+Q)<NQ+2-Z(Q—q)

Theorem 4: Main Theorem of the Theory of Uniform Distribution.
If the difference sequences Aqw with Agw = w(n + q) — w(n) of a real-valued
sequence w are uniformly distributed modulo 1 for all natural numbers g, then
w 1tself is also uniformly distributed modulo 1.

Proof. The fundamental inequality

N 2

7]\'7_ Z e21n'hw(n)
n=1
Q N—gq
1 1 q 1 .
<|—=++ _) 142 (1 — _) il ethAqw(n)
(Q N ( q};l Q) |N ;
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and the assumption of the theorem, namely that for integral h # 0 one has

N—q

: 1 2nthAgw(n)
JE;N;;e '
N— ,
- im N-—qg 1 ! e2mikdgw(n) _ g

Now N N — q

n=1
imply that
1 | '
l'_ i 2wihw(n) < = .
R R

Q@ can be chosen to be arbitrarily large. Because

1 N
: 2mihw(n) _
A}lm i nE=1 e 0

the Weyl criterion demonstrates the validity of the theorem. O

As an illustrative example let p be a polynomial of degree K > 1, and
consider the resulting one dimensional sequence w with w(n) = p(n). In the
case K = 1 the Kronecker approximation theorem shows that an irrational
coefficient of the linear member is necessary and sufficient for the uniform
distribution of w modulo 1. Let us inductively assume that these sequences
are uniformly distributed modulo 1 for all degrees between 1 and K, so long
as the leading coefficient of the polynomial is irrational. In

p(z) = Agp1z¥t + Aga® + ...
let Ax41 denote an irrational number. For each integer ¢ # 0

p(z +q) — p(z)
= Ax+1 ((z 4+ @)% =251 + Ak ((= +)F —z%) +...

K+1
K+1 -
— Axns (Z ( ! )qkwxﬂ k)

k=1

+ Ak (é (Ik{) q"x’("‘) +...

forms a polynomial of degree K with the irrational leading coefficient
akg = AK+1(I{ + l)q .

Since by the inductive assumption Aqw with Agw(n) = p(n+ ¢) — p(n) is uni-
formly distributed modulo 1 for all natural numbers ¢, by the Main Theorem
this also holds for w with w(n) = p(n). Thus
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Corollary 5: Weyl’s Theorem. A non-constant polynomial p having an ir-
rational coefficient for the term of highest degree yields a uniformly distributed
sequence w modulo 1 with w(n) = p(n). °

In particular it follows from this that for an irrational a and integers
hi,...,hr, which are not all zero,

S A
lim — ™ 2upmy MO — )
N—oo N 1

n=

This holds since the polynomial
p(z) = haz + hyaz? + ... + hraz®

yields a uniformly distributed sequence modulo 1. If one interprets the formula
above as

L EN' >

: 2w ~ . hewe(n) _

N . ¢ - =0
n=

with the L-dimensional sequence w; given by we(n) = an’, then as an imme-
diate consequence we have:

Corollary 6. For each irrational number o the L-dimensional sequence

(an,an?,...,anl), n = 1,2,... describes a uniformly distributed sequence
modulo 1.
Corollary 7. For each irrational number a, arbitrary real numbers p1,..., 0L

and arbitrary positive numbers €,§2, one can always find integers n and
Pi,-..,pL with

lan - B — pi| < ¢
lan? — By — pa| < ¢
.............................. s
lan® - B — pi| < e

where n > 2.

Exercises on Chapter 2

1. Find two discrete subgroups ® and §) in IR" so that & + §) is dense in IR".

2. Let a ¢ Q,e¢ > 0 and B some real number. Show that there exist infinitely
many pairs (p,q) EZXIN with0 < ag—p—f<e.

3. Suppose given the digits z1,...,z8v € {0,1,...,9},21 # 0. Show that there
exists some natural number n so that the numeral representation of 2" in base
10 begins with z1...zn.



* 4.

*7.

10.

11.

12.

*13.

14.
15.

16.

*17.
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Let a,f be real numbers, (p,q) € Z x IN with g.c.d.(p,q) = 1, and suppose
that Ia - 2| < 73— Show that there exist integers z,y with |z| < % and

laz — y— B| < XE£E (Chebyshev s theorem).

. Let a be an irra,tional and B a real number. Show that there exist infinitely

many pairs (p,q) € Z x IN with |ag—p - 8| < 24%3.

. Let M C IR. M is called linearly independent over Z, if each finite subset of

M is linearly independent over Z. Apply the transcendence of e in order to
show that {logp:p prime} is linearly independent over Z.

Let M = {91/2 : g € IN,g > 1 and square free}. Show that M is linearly
independent over Z (Besicovitch’s theorem).

. Let = be a real number. Then {z} = z — [z] is called the fractional part of =.

Show that ({logn})n>1 is dense in [0,1].

. Let (2a),>, be a sequence in (0,1) and € > 0. Find an open set M of measure

<€, so that M C (0,1) and limn_ oo % E:ﬂ cem(zn) = 1. What can be said
about M in the case that (x,), 5, is uniformly distributed?

Let (l:-) be a mod 1 uniformly distributed sequence of rational numbers with
g.c.d. (pn,gn) =1 for n > 1. Show that

1
,J‘:“mfv'Zq—“
Let o ¢ Q and 0 < = < 1. Show that

llm — Z ¢o,z)({sin 27na})

exists, and calculate this limiting value. Deduce from this that
(sin27na)n>1 is not uniformly distributed mod 1.

Let a be a real number. Show that o« ¢ Q if and only if ({sin2mna})a>1 is
dense in [0,1].

If (zn),>; is uniformly distributed mod 1, then so is (zn +logn)s>1 (Rindler,
1972).

Show that (log n),>1 is not uniformly distributed mod 1.

Let (z5),>, be uniformly distributed mod 1 and (ya), >, & sequence of real

numbers with limy oo & EﬂNﬂ |ya] = 0. Show that (zn + yn) is uniformly
distributed mod 1.

Let Fo=Fi =1landforn>1 Fn41 = Fu + Fo_1. The numbers (F), 5,
are called Fibonacci numbers. By applying the transcendence of e show that
(log Frn)n>1 is uniformly distributed mod 1.

Let f : [1l,00) — IR be differentiable, f' > 0 and f' monotone decreasing.
Suppose further that limz—co f'(z) = 0 and limg—c zf'(z) = co. Show that

(f(n)) is uniformly distributed mod 1.
n>1
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18. Let k be a natural number and f : [1,00) — IR be k-fold differentiable. Let
f® be monotone decreasing, limz—co f¥(z) = 0 and limz—.co zf*)(z) = co.

Show that ( f (n)) is uniformly distributed mod 1 (Fejer’s theorem).
n>1

19. Let o be a positive, non-integral number and a # 0 real. Show that (an”).»1
is uniformly distributed mod 1.

* 20. Let z € [0,1]. Calculate

. N
, 1
imy .oy ) cio)({logn}) and

n=1

N
_— 1
llmN...ooﬁ Z; co,z)({logn}) .

Hints for the Exercises on Chapter 2

4. Choose b’ € Z so that [b' — 8q] < 1/2 and o,y € Z so that b’ = pzo — qyo.
Let z: = xo + qt,y: = yo + pt, and choose t so that |z:| < ¢/2.

5. As in (4), but choose t € Z so that 1 < z; < gq.

7. Let {g}lz,.. .,gilz} be linearly dependent over Z, and k chosen as small

as possible. Put K = Q (\/g1,--.,/G5=1), V3 = Yoiey @i/gi + ax, with
a; € Q(1 <7 < k). For each homomorphism ¢ : K — C,1 < i < k, put
€i(0) € {-1,1} when o(,/gi) = €i(0),/gi. Show that K is normal over @,
€i(0) = ex(0) for 1 <1 < k and o € G (= Galois group of K over Q). ¢ is a
homomorphism with trivial kernel.

13. Note that for each convergent sequence of complex numbers (an),>; the se-

quence (ﬁ ZnN=1 a,.)n>1 converges to the same limit. Now apply Abel trans-

formation from Chapter 4, the Weyl criterion and the inequality

lei’~ei”|§|w—y| for z,yeR .

17. Apply the Weyl criterion, the Euler sum formula from Chapter 4 and the
second mean-value theorem from integral calculus.

18. Use induction on k. Apply the main theorem from the theory of uniform dis-
tribution.

20. Let g; : [0,1] - IR,

— x
g(t)=1—¢"" ee ¢

T
g:(t):el_'ee—ll, for z<t<1.
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Show that for some constant ¢ > 0,

)" ctoey({logn}) — Nga({log N})| < clog N

n=1
so that the sequences (g-({log N}))y>, and (% Z:’:l cpo,x)({log n}))N>1
have the same accumulation points. For this note that -

N

N
Z cpo,2)({logn}) = - Z Z Cp.p+x)(logn) .

n=1 0<p<Llog N n=1

Finally apply (8).



3. Geometry of Numbers

So far multidimensional diophantine approximation has concerned only points
of the number spaces RN or Z". If, making use of the language of geome-
try, one passes from number spaces to vector spaces, the concept of an in-
teger in the one-dimensional case and that of an integral N-tuple in RN
generalises to the natural concept of a lattice. If N linearly independent vec-
tors a,...,ay are given in an N-dimensional vector space U, by the lattice
® = &(a,,...,ay) one understands the collection of all vectors g, which may
be represented as linear combinations

N
9=9101+---+9N0N=Zgnan

n=1

of the a,, with integral coefficients g,,.

The linear independence of the a,,..., ay ensures the uniqueness of the
coefficients gy. If one restricts oneself to the vector space R" and specifies a,
to be the column vector with 1 in the nth position and zero elsewhere

1 0 0
0 1

a; = . y A2 = : 1oy AN = . ’
0 0 1

one obtains the lattice ZV described at the beginning. For N = 2,3 one can
visualize lattices (Fig.3, Fig.4).
The vectors aj,...,ay form the lattice basis of &. If the vector space is
spanned by the basis vectors ej,...,enN, one obtains the lattice basis from
the change of the basis formula:

N
An = E Amnlm -

m=1

o

If once and for all one fixes a “standard basis” e;,...,eN of the vector space
0, the lattice is specified by giving the transformation matrix with the an,,
as elements.

Each lattice vector g, that is each element of the lattice described by
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/ / / /
/S ST
S/

/

Fig. 8. Two-dimensional lattice

Fig. 4. Three-dimensional lattice

N
9=Zgnan

n=1

is determined with respect to the basis ¢;,...,enx by the equation

N N N N
g= Z gn Amntm = Z <Z a'mngn) Cm .

n=1 m=1 m= n=1

Proposition 1. The components of the lattice vectors g in & are obtained by
matriz multiplication
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a;; a2 ... Q1IN 91

a1y G222 ... Q2N 92 _ (a )(g )
- mn n

aNi1 aN2 ... QNN gN

where the matriz (amn) specifies &, and (g,) 13 an arbitrary column vector

from ZV.

If one defines the integral unimodular matriz

uip U2 UIN
u u u

21 22 2N — (umn)
UN1 UN2 ... UNN

by the properties that all elements are integral and the determinant

U3 U2 ... WIN

U u e U
det(u,,m)= 21 22 2N =41

UN1 UN2 UNN

then the passage from the matrix (a,;,,) to the matrix

N
(almP) = (am“) (unP) = (Z amn“np)

n=1

implies no change in the lattice specified by (ams). For on the one hand, if
(gn) belongs to Z" so does

N
(unp) (9p) = (Z “npgp)

and as a consequence

N N
3" (ahp) (99) = Y (amn) (unp) (9p) tm

m=1 N
(amn) (Z “npgp) em
=1

p=1

N N
Z Z AmnUnpgptm

=1 n=1 p=1

>
>

3

also belongs to the lattice. On the other hand the inverse matrix of (umn)
(equal to (@mn)) is also integral and unimodular, since all minors of the ma-
trix (umn) are integers, and remain so on dividing by det(um,) = 1. The
multiplication rule for determinants shows that
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1

det(umn) =+l

det (mn) =

The passage from (a},,) to (amn) = (a',,,p) (tipn) reverses the argument above,
which indeed implies the equality of the two lattices. Even more is actually
true:

Proposition 2. The lattice bases

N N
an = Z Gmnlm, bp= E bmntm
m=1 m=1

generate the same lattice ® if and only if one basis goes over to the other by
means of an integral unimodular transformation.

Proof. If a,, and 117\}, form bases of the same lattice and there exists a change
of basis, by = Y, _; %Umn@m, then the integrality of all the coefficients umn

follows because all elements b, belong to the lattice &(ay,...,an) as lattice
vectors. There must also be a reverse transformation

N
a, = E Unpbyp
n=1

and here also (i,p) can only denote an integral matrix. From the equations

N N N
ap = ﬂnpbn = Z '&np Z UmnOm
n=1 n=1 m=1
N N
=2 | 2 tmniinp | Om
m=1 \n=1

it follows that the matrix product (#myn) (finp) agrees with the unit matrix,
from which by the multiplication theorem for determinants we have

det (umn) det (tinp) =1 .

Determinants of integral matrices can only be integral, so the only possibility
is det (umn) = %1, showing the validity of the assertion. O

In particular it follows from these considerations that the determinants of
the coeflicient matrices (@mn), (bmn) of the two lattice bases a;,..., a5 and
by,...,by can differ only in sign, provided that the bases generate the same
lattice. Hence the absolute value of these determinants depends only on the
lattice ® itself; it is called the lattice constant

d(®) = |det (amn)| = |det (bmn)]
of 6.
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Geometrically one comes to grips with the notion of lattice constant, when
one associates with the vector space U an underlying Euclidean point space
IP, for which the standard basis e,,..., ¢y serves as an orthonormal system.
By this we mean that to each point P from IP and each vector a from U we can
associate a new point @ = P+ a, in such a way that for any two points P and

Q from P the difference a =P —-Q = m lies in ‘U0, and for each three points
P,Q, R from IP the parallelogram rule P__Q’ + Cﬁ = PR holds. If one chooses

some point O from IP as origin, then O together with the basis e;, ..., ex form
a Cartesian coordinate system and the map of an arbitrary point P from IP
to its coordinate N-tuple (z;,...,zn) by means of the formula

P=0+z1e1+...+zNen

is uniquely invertible. Hence one can write P = (z1,...,zy). With the help
of the coordinate system (O, ey,...,en) IP is identified with the space RN.
In particular if a;,...,ay denotes a lattice basis of &, then the fundamental
parallelepiped of this lattice basis is parametrised by the set F' of all points

N
P=0+§1al+---+5N0N=0+Z€nan; 0<¢é,<1.

n=1

The parameters £, ..., £n run independently of each other through the points
of the interval [0, 1[.

/ | A

Fig. 5. Fundamental parallelepiped of a plane lattice

Because of
N N N N
Z Tmem = Z €ntlp = Z €n Z Amnm
m=1 n=1 n=1 m=1
N N
Z amn{n em
m=1 1

n=

one obtains the coordinates P = (z1,...,zy) of the points P from F as

N
Tm = Z amnﬁn .
n=1
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If one starts from the fact that the standard basis ej,...,ex spans the unit
cube of volume one, then the fundamental parallelepiped has volume

vol(F) = /'i;-'/dxl ...dzpn

1 1

=/ / |det(amn)| d€s - . . dén = |det(amn)|
0 0

=d(®) .

Proposition 3. The volumes of the fundamental parallelepipeds of a lattice
are independent of the chosen lattice basis and agree with the lattice constants.

Besides fundamental parallelepipeds we will now consider general sets of
points M from IP. Given a vector a from U let M + a denote the set of all
points @ = P + a, as P runs through the points of M; this is the translate of
the set M by the vector a.

Fig. 6. Displacement of a set by a vector

More generally, if & denotes some set of vectors from U, then by M + &
one understands the set of all points Q = P + a for an arbitrary P from M
and an arbitrary a from &. For example, if & = & is a lattice, then the sum
M + & is called the figure lattice associated to M by & (Fig. 7).

If one defines the characteristic function cps of the set M by ey (P) =1
if P belongs to M, and cp(P) = 0 if P does not belong to M, then from
the considerations above it follows that a point P belongs to the figure lattice
M + & (respectively does not belong) if and only if

Z eMm(P+g)>1 (resp. Z cm(P+9) = 0)
gED geES

If for all points from IP the formula

gES
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L J . 1 L ] J [ L

]L_JIYJL_IL_IL_J

LJ[]L——]—L_]L_JL_

]I__JL__IIIIIII

Fig. 7. Figure lattice associated to a set by a lattice

Fig. 8. Example of a covering lattice

holds, then one calls & a covering lattice for M, because in this case M + & =
P.
If on the other hand, for all points P from IP the formula

Y em(P+g)<1,
gES

holds, the lattice & is said to fill up M; in this case an arbitrary point P can
belong to at most one of the sets M + g with g € &.

A set M is called a fundamental domain of a lattice &, if & simultaneously
covers and fills out M. Not only fundamental parallelepipeds but differently
structured sets can serve as fundamental domains; (none the less they may all
be assumed to be measurable).

Formally one defines fundamental domains M by the property

3 em(P+g)=1

gES



3. Geometry of Numbers 45

(2
(O

Fig. 9. Example of a filling lattice

/>

Fig. 10. Example of a fundamental domain

for all points P from IP. With the help of the Cartesian coordinate system
(O,ey,...,exN) an arbitrary integrable function f on R can be considered
as a function on IP by setting f(P) = f(z1,...,zN), where (z1,...,2N) are
the coordinates of P. The integral is defined by

/}pf(P)dP:/_Z.../_:f(zl,...,xN)dzl...d:cN ,

and more generally by

/Mf(P)dP=/_oo.../_:cM(zl,...,zN)f(zl,...,:vN)dml...da:N .

The transformations
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EGESDY /M+, Pyap=3 [ fp-

geB geESB
,% /M (P+g) /M (gezo( g))

hold for a fundamental domain M (in the third equation one uses the fact that
—g as well as g runs through ®). For example, if for some positive number ¢
one has ‘

[ 1Prap > c-ae)
P

then for at least one point P of the fundamental parallelepiped F' one must

have
Y fP+g)>c.
geES
If conversely
E f(P+g)<c
§ES

holds for all points P from F, the calculation

/Pf(P)dP=/F<Zf(P+g)) <c-/FdP

gEB
=c-d(®)

would give a contradiction to the assumption.
If in this example one restricts attention to f = cps, where M is a bounded
measurable set, the volume of M is given by

/ cm(P)dP = vol(M) .
P

The relation (M
Z cm(P+9) > %

gEB
says that at least vol(M)/d(®) points of the form P + g from ® lie in the set
M. (If vol(M)/d(®) is not an integer, replace it by the next larger integer z >
vol(M)/d(®)). P+ ® is called the point lattice with origin P and the elements
of P+ ® are the lattice points of this point lattice. With this terminology one
formulates the following theorem:

Proposition 4: Blichfeldt’s Theorem. For each lattice- ® and each non-
empty, bounded, measurable set M one can find a point P, so that the number
z of lattice points of the point lattice P + ® based at P lying inside the set M
satisfies z > vol(M)/d(®).



3. Geometry of Numbers 47

Since in Blichfeldt’s theorem little is assumed about the set M, it fol-
lows that the point P serving as origin for the point lattice P + & remains
completely unspecified. If one wishes to avoid this lack of precision, then far-
reaching assumptions on the set M are necessary. A set M is said to be
symmetric with respect to a point @ if P = @ + a belonging to the set implies
that P! = @ — a also does. Q is called the centre of symmetry of this set.

Q—a
Q+a
Q Q
Q+a Q-

Fig. 11. Symmetric sets

A set M is said to be star-shaped with respect to a point Q if P =Q + a
belonging to the set implies that P, = @ + ta does also for all 0 <t < 1.

Fig. 12. Star-shaped sets

A set M is called convez if it is star-shaped with respect to each of its
points. Another criterion for convex sets reads:

Proposition 5. A set M is convez if and only if for each two points P and Q

belonging to it so does the line segment consisting of all points R, = P+t17é,
0<t<1l .

Theorem 1: Minkowski’s Lattice Point Theorem. If P denotes the cen-
tre of symmetry of the symmetric, bounded and conver set K, and ® i3 a
lattice with

vol(K) > 2V . d(®)
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O

P

Fig. 13. Convex sets

then K contains at least one lattice point Q = P + g, distinct from P, g€ &,
from the point lattice P + & based at P.

Proof. The idea of the proof is to apply Blichfeldt’s theorem for the set M of
all P + %a, as P + a runs through all points from K. Since

vol(M) = 2iNvol(K) > 2iN 2N . (8) = d(®)

by Proposition 4 at least two points of the form R + g', R + g" lie in M for
distinct g',g" from ©. Since P + (PR + g'), P + (PR + g") lie in M, by

definition the points P + 2(ﬁ +g¢')and P+ 2(1_372' + g") are in K. Because
K is symmetric the points

Q' =P+2(PR+¢), Q" =P+2-PR-g")
lie in K, and because K is convex their mid-point
¢, 1=
Q=Q'+3QQ
1
=P+2PR+g)+ 5(2(—13_1% —g")—2PR +¢"))

—P+(g-9")=P+g

is also in K. Since g = g' — g" # o this point is certainly a distinct lattice
point from P. o

From the example of the cube K, i.e. the set of all
P+tieg+...+tney ;-1<t1 <1,...,-1<ty <1,

one sees that the requirement that vol(K) > 2V - d(®) cannot be weakened —
for & one chooses the lattice determined by the identity matrix. However it
is possible to formulate a variant of this theorem with the not so restrictive
inequality vol(K) > 2V . d(®).
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Corollary 1. If P denotes the centre of symmetry of the symmetric, compact,
convez set K, and if & is a lattice with
vol(K) > 2N - d(®) ,

then K contains at least one lattice point Q = P + g distinct from P, g€ &,
from the point lattice P + ® based at P.

Proof. Let A > 1 be an arbitrary real number, then at least in K, the set of
all P + Aa with P + a from K, by Minkowski’s theorem there exists at least
one lattice point Qx = P + g, distinct from P. For each A > 1 there are only
finitely many such lattice points available. Hence it is possible to construct a
sequence A converging to 1, for which @, = @ # P always denotes the same
lattice point. It follows from the compactness of K, that the intersection of
all the K, must agree with K, and hence @ lies in K. O

The applications of Minkowski’s theorem show its importance. A few ex-
amples of such applications will make this very clear.

Ezamples: (1) Rectangular solid: K consists of all points
P=0+te;+...+itneny ,—Ap <tp < An ,
and its volume equals
vol(K)=2N-\;-...- AN .

The lattice & is generated by the vectors
N
a, = Z amntm ,n=1...,N ,
m=1

and hence is specified by the matrix (amy). If the lattice point

N N N
Q=0+9=0+Zgnan=0+Zzamngnem

n=1 m=1n=1

lies in K, then this implies

N
Z Cmndn

n=1

Since d(®) = |det(amn)| holds, Minkowski’s theorem implies

<Ap m=1,...,N .

Corollary 2: Minkowski’s Theorem on Linear Forms. If (amn) denotes
an N x N matriz with non-vanishing determinant and if for positive numbers
Aly..., AN one has

A1 eoos AN > |det(amn)|
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then there exist integers g1,...,gn which are not all zero, and which satisfy
the inequalities

N

Z Q1ndn

n=1

<Ay ey < AN .

N
Z ANndn

n=1

A simple sharpening of the linear form theorem reads

Corollary 3. If (amyp) 18 an N x N matriz with non-vanishing determinant,

and if for positive numbers Ay,..., AN one has
A1 .oos AN 2 | det(amn)]
then there ezist integers g1,...,gN, which are not at all zero and which satisfy

the inequalities

N

Z a1ngn| < Ay,

n=1

N N

Z A2ngnl| < A2y ..., za}vng,, < AN .
n=1 n=1

Proof. If one replaces A1 by A1(1 + €) application of the linear form theorem
establishes the existence of integers g;(¢),...,gn(€), which are not all zero,
and which solve the inequalities

N
Z a1ngn(€)
n=1

N
Z a2ngn(€)

n=1

<A1'(1+E),

N
Z anngn(€)
n=1

For each € > 0 there can exist only finitely many such g,(¢), and hence it is
possible to construct a null sequence ¢, with the property that g, = gn(ex)
denotes an integer independent of c;. Passage to the limit ex — 0 leaves the

relations
N
Z Amndn
n=1

<Az ..., < AN .

< Am, m=2,...,N

unchanged, while

N
Z A1ngn

n=1

<A1+ (1+4ex)

leads to
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N
Z A1ngn| < A

n=1

as asserted. 0

This sharpening of the linear form theorem proves the following assertion:
Corollary 4: Product Theorem for Homogeneous Linear Forms. If

(amn) denotes an N X N matriz with non-vanishing determinant and N > 1,
then there exist integers gq,...,gN, which are not all zero and for which

Proof. For

< |det(amn)|

holds.

A1 =...= Ay = YV/|det(amn)|
we do indeed have
N

Z A1ngn < NV |det(amn) )
n=1

N
Z apngn| < V|det(amn), p=2,...,N,
n=1

assuming that the integers g, are chosen as in Corollary 3. Taking the product
of the left- and right-hand sides of this chain of inequalities concludes the

proof. O
For example, let a;,...,as be arbitrary real numbers and for N = S+ 1
let the matrix (amn) be given as
1 0 ... 0 —Q]
01 0 —Q
(@ma) =] coevviiiiinan.
00 1 —as
00 0 1
Clearly det(amys) = 1; if one now chooses A\; = ... = As = 1/M and Ay = M5

for some natural number M, then Corollary 3 implies the existence of integers
91,.--,9s and gy = g with

1 1
o —andl < 7o lgs —asal < 77, Lol S MS

Clearly ¢ # 0, since otherwise |g,|] < 1/M will also imply that g, = 0.
Minkowski’s linear form theorem thus implies the Dirichlet approzimation the-
orem.
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(2) The double pyramid: K, consists of all points

P=0+te; +...+tnepn;
|t1|ST—ItN|,...,|tN_.1|ST—ItNI,
[t <r .

As above for the sake of simplicity of notation write S = N — 1, so that K, is

given by
s

P=0+) z,e,+anen; |zs|+|an| <,
s=1

I:IJNIST .

The volume of K, equals

vol(K,) = / dz N // dry...dz,

lzn|<r |zs|<r—|zN]
S
= / (T‘—lel) '2sdl‘N
|lzn|<r

=25. (](r—a:N)sde +/0(r+a:N)deN)
0 -r

The condition of Minkowski’s theorem takes the form % -rN > 2N.4(®), and

hence r > X/N - d(®). The equality sign is admissable because K is compact.
If the lattice & is specified by the matrix (am,n), this implies the existence

of integers ¢1,...,9s,9N = ¢, which are not all zero and which satisfy the
inequalities

N N

3" Gangn|+ | annga| < V/N-d(B)

n=1 n=1

= {/N - |det(amn)|, s=1,....,§=N-1.

In order to achieve at a more powerful approximation theorem, further modi-
fications are necessary. If in the arithmetic-geometric inequality

e .. En| < |fl|+-J-v:+|§N|

one puts £; =~'-=£S=§,€N=¢(¢Zoa¢20)7 then

(8) v s (s 5+9)" = (252) .
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For each s =1,...,S this implies

N S|~
Z Qsndn Z GNndn
n=1 n=1
N N N
|En=l Agngn| + |Zn=l ANngn
<SS.
- N
Nd(®) S \°
<Ss. = d(®) .
=5 (S +1)sH _(S'+1) (@)
If the lattice ® is specified by the matrix
t 0 0 —alt
0 ¢t 0 —Cl2t
(@mr)=1] «ceeeev ,
0 0 t -—ast
00 0 t=5
we have d(B) = |det(amn)| = t°/t5 = 1. Hence there exist integers

91,---,95,gN = ¢, which are not all zero, and which have the property

1 s \*
— < | —
t5 q’—(s+1)~’

s S \° _
lgs — asq|” lg] < S+1) s=1,...,5 .

S
[t(gs — asq)|

Besides

ltas — cug)l +| 5| < VI .

This shows that for ¢ sufficiently large g # 0, because if ¢ = 0 one would have
a contradiction for t > ¥/N. Moreover |g| < ¥/N -t5 provides an upper bound
for ¢. If without loss of generality one supposes that ¢ is a natural number,
then the result of these calculations reads

Corollary 5. For arbitrary real numbers ay,...,as and an additional real
number t > **/S + 1 one can find integers g,,...,gs and a natural number
g <t5. °R/S +1 with the property

S 1 S 1
|0’1‘1_91|SS—_l_l'qlw,...,lasq—-gslsS—_]L_l.ql7 ,
t.e. with
ozl,—-“z-‘1 < 5 1

= S+1 415
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(3) The octahedron: K, consists of all points

P=0+$1¢1+...+$N¢N;
|zl + ...+ |zn| < .

For N =1 one of course has that vol(K,) = vol(K,; N = 1) = 2r: recursively
one obtains the volume of the N-dimensional octahedron for N > 1 from

vol(K,;N) = // dzy...dzn
|z1]+...+H|zN <7

= dzy - / dz;...dzn—
lzn|<r |21 |+ Hlzn_1|<r—|zn|
= / vol(K,_l,M;N - 1) -dzn
lzn|<r
= vol(Ky; N = 1) - / (r = Jon )V dz
lznI<r

N
=vol(K;; N -1)- _2]£V— .

In particular this shows that
vol(K;; N) = % -vol(K;;N -1) ,

i.e. because vol(K;; N =1) =2,

2N
vol(Ky;N) =
If, noting that
(K, = &N
vol(Ke) = =31
one applies Minkowski’s theorem, the essential condition reads
N
(2’") >oN. 4(8) ,
ie.
VN!-d(®) .
If (amn) specifies the lattice of &, then Minkowski’s theorem guarantees the
existence of integers ¢1,...,gn, which are not all zero and which solve

N
+ Z GNnfgn
n=1

N
Z azngn| +
n=1

N
Z A1ngn +
n=1

< X/NU-d(®) .
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Here applying the arithmetic-geometric inequality gives

() () ()

N

IEnN=1 A1ndn + IE,I:,=1 a2ngn| + s + EnN=1 aN,,gnI
- N
NI d(®)
< NN -

Hence the product theorem for homogeneous linear forms admits the following
sharpening:

Corollary 6. If (amn) denotes an N x N matriz with non-vanishing determi-
nant and if N > 1, then there ezist integers g;,...,gn which are not all zero
and for which

(& o) (o) (3500

N!
S W ldet(am,,)l

holds.

(4) The ball for N = 4: application of Minkowski’s theorem to the ball
K, in four-dimensional space leads to a proof of a famous number theoretic
result of Lagrange. This states

Corollary 7: Lagrange’s Theorem. Each natural number can be expressed
as the sum of at most four integral squares.

Proof. The proof proceeds through several steps. In the first one solves the
geometric problem of finding the volume of the ball K,. This is the set of
points

P=0+z1e;+... +znep;
x¥+...+x?\,§r2 .

For dimensions N =1 and N = 2 one has vol(K;; N = 1) = 2,
vol(Ky; N = 2) = 7. By integration
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vol(K,; N)

34423, <r?

// dryn_idzpn - // dzy...dzN_2

2 2 2 2 2
z%,_ +z3<r zl+...zN_25r2—(zN_l+zN)

// vol ( m; N - 2) dzy_idzN
N-1TIN

2 2
zN 1R <r

N—2
= vol(K1; N —2) - // \/r2 — (z%_; +2%) dey_1dzy .
22, _ +z3, <r?

If one introduces the polar coordinates ry = pcosp, zny—1 = psing;
dry-_1dry = pdpdp, 0 < p <r,0 < < 2m, then

2m

P N-2
vol(K,; N) = vol(Ky; N — 2) - /(r2 -p) y pdp/dcp
0

0

= 2m - vol(K1; N — 2) - / (r —p)%_ld(;ﬂ).%

p=0
= 1r-vol(K1;N—2)--£r% = %-TN-VOI(KI;N—Q) .
Recursively one has proved that
N/2
vol(K1;N) = F—(%—-{-__lj ,

where in this connection one has assumed only the validity of the formulae

I(z+1)=z-I(z), [(1)=1,T (%) —Jr

for the I'-function. In particular one has

w2 -
vol(Ky; N =4) = —-—vol(K,,N 4)—__.,.4_

In the second step of our proof we meet preliminaries from elementary
number theory.

Lemma 1. For each prime number p there ezist integers a, b with the property

a? +b% + 1 = 0(mod p) .
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In the case p = 2 one can for example put a = 1 and b = 0. If p #
2,(p — 1)/2 is a natural number and the (p + 1)/2 natural numbers

—1\2
0%,12,..., (pT)

are pairwise non-congruent modulo p. From A? = k%(mod p),
0(mod p), (h — k)(h + k) = O(mod p) and 0 < h < %, <
follows that h = k. The (p + 1)/2 numbers

2 2 p-—1 2
-1-0%-1-14,...,-1— —

are also pairwise non-congruent modulo p. Since the union of both sets con-
tains p + 1 > p numbers, one number from the first set must be congruent to
a number from the second, that is

h? — k2
k< Bt

a® = -1 - b*(mod p)

as asserted.

By the Chinese remainder theorem one can carry over the congruence
a? + 4% + 1 = 0(mod p) from prime numbers p to square-free numbers p > 1.
The solvability of the simultaneous congruences

a’+ b +1=0(mod py), ..., a% + 5% + 1 = 0(mod pr)
for p = p; - ... pr, has the solvability of the congruence
a®> 4+ b +1 = 0(mod p)

as a consequence. Hence Lemma 1 also holds for square free p > 1.
Clearly Lagrange’s theorem has been proved if in addition to

1=12+40%+0%+0°

one has expressed each square free natural number p > 1 as a sum of four
squares.

For 1 there is nothing more to show; for p one starts from the lattice &
specified by
0
ol W=y

1 00

0 10
(amn) = a b p
—b a 0 p
with d(®) = p?. As a convex set one chooses some ball K, which satisfies
Minkowski’s condition. Thus

x2
vol(K,) = = - rt > 2%.4(8) =2p?

and one must have
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r4=25p2 r=\4/2_5\/5
T

w2’
The existence of a lattice point in this ball distinct from O

4 4
P=0+ Z aingne1 +...+ Z A4ngn®s

n=1 n=1
=0+ g1¢1 + g2¢2 + (ag1 + bg2 + pgs)es
+ (—bgy +ags + pgs)es

says that
92 + g2 + (ag1 + bgz + pgs)’ + (—bg1 + aga + pgs)”

=77 P 3
For the integer
2
k= g; +93 + (ag1 + bgz + pg3)

+ (=bg; + agz +pgs)* < 2p ,

it follows from
(agy + bg2)® + (=bg1 + aga)? = (a® + b?) (97 + 93)

that
k =g} +93 + (agy +bg2)” + (—bg1 + ag2)”
= (g7 +93) (1 + a® + %) (mod p) .
Exactly as was shown in Lemma 1, by a suitable choice of a and b one can
ensure that 1 4+ a? + b% = 0 (mod p), i.e. k =0 (mod p). As a sum of squares
k is non-negative; since not all g1, g2, g3, g4 equal zero, k is a natural number.

Because of divisibility by p and k < 2p one even has k = p. Thus p is indeed
the sum of four integral squares and Lagrange’s theorem is proved. 0

7 cannot be expressed as the sum of less than 4 integral squares, and so 4
is the smallest number for which Lagrange’s theorem holds.

(5) The ball for N = 2: a second number theoretic application of the
Minkowski theorem, using the 2-dimensional ball, concerns the representation
of integers as the sum of two squares. In this example one can take the vector
space U to be the set C of complex numbers with the standard basis ¢; =1
and e, = i. The space of points IP is taken to be the Gaussian number plane
C with 0 as the origin of the coordinate system. In this example the ball K,
consists of all points

P=0+4zx.¢; +x989 = 7 + 129;
422 <r? .

If p denotes a prime number of the form p = 1 (mod 4) the lattice & is
specified by
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=1 2)

with an undetermined integer a. Here one has d(®) = p and one can choose
the ball K, to satisfy the condition of Minkowski’s theorem as a convex set,
provided
vol(K,) = nr? > 22d(®) = 4p ,

ie.

ot

.

The existence of a lattice point distinct from O

P =0 + (a1101 + a1292)¢1 + (2191 + a2292)¢2
= g1 +i(ag1 + pg2)
inside this ball implies

4
9% + (ag1 + pg2)? < 7” <2 .
The left hand side

93 + (ag1 +pg2)? = g3(1 + a®) + 2apg192 + P*93

is a natural number divisible by p, so long as one requires 1 +a? = 0, a? = —1
(mod p). This is always possible, since —1 is a quadratic residue modulo p
(by a basic result from the theory of quadratic residues). Hence for z = g;,
y = ag + pgz, the sum of squares z2 4 y? agrees with p, that is p = 2% + y2.

Corollary 8: Fermat-Euler Theorem. A prime number p i3 express-
tble as the sum of two squared natural numbers if and only if p = 2 or
p = 1(mod 4). In this case the sum is unique up to the order of the sum-
mands. If p = 3(mod 4), p cannot be written as the sum of two squared natural
numbers.

Proof. The essential part of the proposition — the existence of the expression
for p = 1(mod 4) - has already been proved. Moreover 22 = 12 + 12. From
02 = 0,12 = 1,22 = 0,3% = 1(mod 4) it follows that 22 = 0or 1, y2 = 0
or 1(mod 4). Hence for z% + y? the only possible residues (mod 4) are 0,1,2
(mod 4), which excludes such an expression for p = 3(mod 4).

The uniqueness of the expression is obtained using a completely new idea
— besides the vector space operations C also admits a multiplication. C is a
field and the lattice Z(¢) spanned by the standard basis ¢; = 1,e; = ¢, is a
subring of this field called the Gaussian integers. To each element { = a + tb
from C one can associate a norm

N(E)=¢-E=(a+ib)a—ib)=a®+¥

which is clearly positive for all £ # 0, integral for all ¢ from Z(z), and homo-
morphic with respect to multiplication: N(én) = N(§)N(n).
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An integral element € = a + 1b, i.e. an integral Gaussian number from Z(3) is
said to be divisible by an integral Gaussian number n = ¢ + id, if there exists
an integral element { = = + iy with £ = n{. The number £ is always divisible
by the units 1,7,—1,—1, and by its associated elements ¢' = i£, £ = —¢,
&' = —4€. If £ is not a unit and is divisible by no further elements ¢ is said
‘to be prime.

By decomposing all its factors into prime elements each ¢ # 0 from Z(7)
can be written as a product

R
E=eprpr...or=c"[[ o
r=1

of a unit ¢ and prime elements @1, ¢2,...,9r. (If £ is itself a unit one takes
R = 0.) This expression is essentially unique — up to associates and order. For
the proof we use the following technical proposition:

Lemma 2. If for integral elements £, n one has 0 < N(n) < N(€), then for n
or for one of its associates n' one can achieve N(€ —n') < N(£).

Proof. We may choose the element n' associated to n (where possibly n = n')
so that the triangle of points £, n' and 0 in the complex plane has an angle
at the origin, whose magnitude equals at most half a right-angle, /4. This
is possible because the associates of n form a square with 0 at its centre.
Since the root of the norm agrees geometrically with the distance from 0, the
inequality N(¢ —n') < N(£) is obvious. O

Proposition 6. The representation of integers other than zero from Z(i)
as products of prime elements i3 unique up to the order of the factors and
associates of the individual prime elements.

Proof. If £ is such that the norm N(€) is minimal and there are two distinct
decompositions

E=p1p2...0R =1¢2... 05 ,

then none of the prime factors ¢;,3,...,¢r can agree or be associated with
any of the prime factors ¥1,2,...,1%s. Otherwise, dividing by this element,
one would obtain two prime decompositions of an element £/, with smaller
norm. In particular without loss of generality we can suppose that N(p;) <
N (%) and by Lemma 2 (if necessary replacing ¢; by an associated element)
obtain N (1 — 1) < N(31). The element

n=h—p1)d2...0s =p1(p2...0R —V2...%5)

has norm smaller than that of £ : N(n) < N(£). However since ¢; cannot
divide the difference ¢, — ¢;,  possesses two decompositions as above, with
1 appearing as a prime factor in the second but in contrast not in the first.
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This contradicts the choice of £ as an element of smallest norm with this
property.!! a

The integers ¢, which are not associated to a natural number, and which
yet are primes, occur if and only if N(¢) = ¢@ is a prime number. For on
the one hand a decomposition ¢ = ¢{n would imply a decomposition N(p) =
N(€)N(n), and on the other, if ¢ is a prime then so is @, so by Proposition 6
N(p) = p@ must represent the uniquely determined decomposition of N(¢)
into prime factors in Z(z). Therefore N(p) has only 1 and itself as natural
divisors.

If one considers a prime number p, one can start from the decompo-
sition p = ¢;1...¢r in Z(i). For the norm one obtains N(p) = p? =
N(g1)...N(pr). The N(yp,) are distinct natural numbers, distinct also from
1, and there are only two possibilities. Either R = 1 — then p is associated to
1 and so is also prime in Z(), or one has R = 2 — then p* = N(¢1)N(¢2),
implying that N(¢1) = N(p2) = p. In this case ¢; and ¢, are conjugate
prime elements ¢; = z + iy, w2 = z — 1y, and in Z(i) p decomposes as
P = p1$1 = =% + y%. With this Proposition 6 implies the uniqueness asserted
in Corollary 8; moreover one sees that

Proposition 7. The prime elements from Z(z) are

(1)1+3,

(2) the prime numbers p = 3(mod 4) from Z,

(8) pairs of elements ¢ = z + iy and ¢ = x — 1y, for which N(p) = pp =
z? + y?, and which give a prime number p = 1(mod 4).

In addition there are all the associates of the elements above.

As an application of corollary 8 and proposition 6 one can answer the
problem of the possible representations of a natural number n as a sum of
integral squares

n=2?+y?

and the number of these representations. In Z n has a prime factor decompo-
sition of the form e s
D
n=22T[m* [la* -
h k

The pp denote prime numbers = 1(mod 4) and the gz prime numbers
= 3(mod 4). Since the p, decompose in Z(i) as pp = @aPh, in Z(i) one
can decompose n in the following way:

n=(1+)P1-)PT]erren® [ -
h k

An expression n = z? + y* = (z + iy)(z — iy) implies nothing more than the
existence of some ¢ from Z(i), with n = N(§) = £€. Since each decomposition

¢=1I¢
i
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gives rise to a corresponding decomposition
=116
J

it follows that ¢ is a prime divisor of ¢ if and only if @ is a prime divisor of £.
One can find a solution of the equation n = ¢€ if and only if the prime factors
of n in Z(t) arise as conjugate pairs. Because gx = gx this is at best possible
when all the Fj are even.

How many possibilities are there — assuming that all the Fi are even —
of constructing ¢ in Z(i) so that n = ¢£? For arbitrary integers d, e, with
0<d<D,0< e, <E,, we write

£= 1+ -)P ] eiren® e qu"‘” .
h k
Then we have

£= (1+ i)D_d(l _ i)d H‘Pfh_eh‘p_hch I-[qlf'h/2 .
h k

Clearly in this way all possibilities are exhausted — we have only to look at the
numbers associated to £. In addition we have only to consider that the mere
alteration of the value of d only leads to one of the numbers associated to &,
because 1+, 1 —¢ are associated primes. Hence the number of non-associated
¢ with n = €€ corresponds to the number of possibilities of specifying the

integers e,. This equals
H(Eh +1) .
h

If we now count the numbers associated to £, this number is multiplied up,
implying

Proposition 8. If

n=2D'prh'quk
h k

ezpresses the decomposition of the natural number n into prime factors, where
the pp =1 and the gx = 3(mod 4), then the number r(n) of integral solutions
of the diophantine equation z? + y? = n is given by r(n) = 0 if one of the
components Fy i3 odd, and by

r(n)=4- H(E" +1)
h
if all the multiplicities Fy are even.

The decisive condition

vol(K) > 2N . d(®)
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in the Minkowski theorem can be weakened by restriction to specific symmetric
and convex bodies.

Theorem 2: Blichfeldt’s Theorem. Let P be the mid-point of the n-
dimensional ball K and let & be a lattice with

vol(k) > V2 +2 N2 g8

then K contains at least one lattzce point R = P + g, with g in & distinct
from P from the point lattice P + & based at P.

Proof. Arguing in a similar way to the proof of his Proposition 4 Blichfeldt
uses the formula

geES

/F (Z f(Q+g)) dQ = / (Q)Q ,

in which IP denotes the point space and F' a fundamental parallelepiped of
the lattice. However Blichfeldt does not now simply choose f = ck, but

(@) = mas (1-%"11"2,0) ,

where r denotes the radius of the ball. Then one has

/f(Q)dQ— /- /( 2("”“;;”70)@1...(1”

Aotk sE

(——(z§+...+x?’v)) dzy...dzn

y<5
2
= — ...j[ d/p dxotﬂtl.. .dx;v

zo+zi+.. 423 s-"z—z ogzogr,—’

r2/2

I
ﬂNI <)
\'

' .
»\

L

8

-

U

8

a

8

(=]

2 / aN/2 (1"2 )N/2
= 0 dzo
A Ty 3
Nt2
I G I
oo F(-%J--*_l) l;ﬂ zo=0

1 N/2 N 1
_ﬂ.zN/2°['( +1) N+2  9N/2

-vol(K) .
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By assumption this quantity is not less than d(®), i.e.

/ (E @+ g)) dQ > d(®) .

gES

As a result there exists some point ) with

Zmax (I—M,O)

gES

= Z (1—M)21.

s€S

||Pa+.u5r/ﬁ

If A denotes the number of lattice vectors g with ||P_Q) + g|| < r/V2, then

from the inequality above it follows that

2
A= Y IPG+al21,

g€

IIP5+BIIS"/\/5

> IPG+elr < Ta-1).

1114

llpaﬂllsrl\ﬁ

l.e.

Lower estimates for sums of this kind are however easy to obtain: if @4, ...

are A arbitrary points, then because

A —_—
Z "Qan“2

a,b=1

a#b

= i IPQ, — PG,

a,b=1

a#d
A A A
= > IPQ"+ X IPGy)2 -2 Y PG, -Pd,
a,b=1 a,b=1 a,b=1
a#b a#db a#d

a,b=1

a#b

~24 3 IPQ.I -2 (fi f’aa) | (i P_Q"’>

=1 b=1

A
<24-3 ||PQ, |

,Qa

A A A
(A-1)-3 1P P +(4-1)- Y PG> -2- Y. PQ, PG,
a=1 b=1
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one has the inequality

A A
3 I@sQal? <24- 3 PG, 2 -
a=1

a,b=1
a#d

In particular, if g(1),...,9(A) denote the A lattice points with the property
||I—’a + g(a)|| £ rv/2, and Q, is defined by Q, = Q + g(a), it follows that

A A N
> lista) — s = ) 11Q.Qsl?

a,b=1 a,b=1

a#d a#b

A 2
< . 2 < oA
<24 ;nfc‘éun <24 (A1)
=r2A(A-1) .

This shows that it is impossible to have ||g(a) — g(b)|| > r for all indices a,b
with b # a. For at least two lattice vectors g(a) and g(b) ||g(a) — g(d)|| < ris
satisfied. If we put g = g(a) — g(b), R = P + g has to be a lattice point inside
the ball of radius a distinct from the mid-point P. The existence of such an
R was to be shown. o

The question, which Blichfeldt answered in his theorem for the ball, can
be more sharply posed. How small can we choose a positive constant ¢, so
that for the symmetric body K and each lattice & with vol(K) > c- d(®)
there always exists some lattice point @ = P+ g (g € ®) in K other than the
centre of symmetry P? (We restrict ourselves to bodies of a certain shape.)
Minkowski stated as a conjecture that ¢ cannot be chosen to be arbitrarily
small. This conjecture gives rise to

Theorem 3: Theorem of Minkowski and Hlawka. For each bounded
symmetric set K one can construct a lattice & with the property that apart
from the centre of symmetry P, there ezists no lattice point Q = P+g (g € ®)
from the point lattice P + ® based at P lying in K, so long as

vol(K) < 2-d(®) .

Proof. The proof rests on the implicitly assumed Jordan measurability of K.
Indeed theorem 3 follows from a more general result for Riemann integrable
functions.

Lemma 3: Deformation Theorem. If the non-negative Riemann integrable
function f takes the constant value zero outside some bounded set, then for
each € > 0 one can find some lattice & with d(®) = 1, which possesses the

property
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> sP+0< [#(@iQ+e
P

gEB,gF#0

(where the point P can be chosen arbitrarily).

If one puts f = ¢k, then theorem 3 follows:

A= Z cx(P+ )

gES,gF#0

gives the number of lattice points in K distinct from P. If one chooses ¢ =
1 — vol(K)/2, it follows from

A<ch(Q)dQ+e=vol(K)+e<2 )
P

that there can exist at most one Q = P + g with g # a in K. Because K is
symmetric with respect to P, Q' = P — g would also have to lie in K. Hence
in point of fact there exists no P + g # P in K. The restriction d(®) =1 is
clearly unimportant for the validity of the theorem.

Proof of Lemma 3. Let p denote a prime number, 2A(p) the set of all vectors
a=ae;+...+aney =e¢; +azes+...+anen

witha; =1,and 0 < a, < p—1forn =2,...,N, where all the a, are integral,
so that 2(p) contains pV ! vectors. The lattice B = B(p, a) is spanned by
the basis b; = a, by = pey,...,by = pey. If one chooses ¢ = {/pN-1, then
for the lattice & = B(p, a) spanned by (1/¢)b;,...,(1/¢q)by it follows from
d(B) = pV-1 that d(®) = 1.

Referred to the standard basis the lattice vectors g = g1b1 +...+gnbN =
gi¢1 + ... + giyen possess components g; = g1, = g1a2 + 92P, 93 = g103 +
93P; - -, 9N = g1aN + NP

The set €(p) consists of all vectors ¢ = c;e; + ... + cyeny with integral
components cj,...,cn and the single component ¢; not divisible by p. In the
first step of the proof we claim that for each ¢ from €(p) there exists one and
only one vector a from 2(p) so that ¢ belongs to the lattice B(p, a).

If r denotes the smallest residue modulo p of ¢;, i.e. ¢; = r(mod p),1 <
r < p — 1, the integers a3, as,...,an are chosen to be the unique solutions of
the congruences

ra, = cp(mod p),n=2,...,N |

for which 0 < a, < p — 1 holds. Hence there exist integers k, with
c1 =r+ kip, ca =raz + kep, c3 =raz + k3p,...,cy =ran + knp .
If one writes

g1 = c1, g2 = ky —asky, g3 = k3 —agky, ..., gn = kv —anky
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then because r = ¢; — k;p, this implies that

c1 =G,
cn=c1an + (kn —ank1)p=g1an + gnp, n=2,...,N .

This already shows that ¢ belongs to B(p, a).

The intersection D(p, a) formed from B(p, a) and €(p) therefore consists
ofallg=g,b;+...+gnby = gler+...+g)ven, for which g; = g} # 0(mod p)
holds. On account of the considerations above the D(p, a) are pairwise disjoint,
as a runs through ?A(p). Their union generates all of €(p).

In the second step of the proof the definition of the Riemann integral is
suitably formulated: if € consists of all ¢ = cie; + ...+ cyen with integral ¢,

then
/(7439 ()

is a Riemann approximating sum with the P+ (1/g)¢ as division points for the
cube consisting of X = P+z1¢;+...+zneny withep/g <20 < (en+1)/q,c=
¢1¢; + ...+ cnen. From the choice of a sufficiently large prime number p
it follows that the approximating sum is arbitrarily close to the Riemann
integral. More precisely: for each positive ¢ we can find a sufficiently large
prime number p to ensure that

-e<—NZf(P+—c) /f(Q)dQ<s.

9 ceC

The function f is non-negative, €(p) is a subset of €, and one has gV =pN-L.
The result of the second step in the proof therefore reads:

= ¥ (Pl < /f(Q)dQ+e.

N1 ' e

Put together these two steps give the following important formula:

DY f(P+—c) /f(Q)dQ+e.

N1 " acup) c€Dira)

It shows that for at least one vector a

> f(P+—c) /f(Q)dQ+e

c€D(p,0)

must hold. For in the contrary case one would have

2 D f(P+“)Z(Wf(Q)dQ+e)-pN-1

a€A(p) c€D(p,a)
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(A(p) consisting of pV~! elements) contradicting the formula above.
In the final step of the proof we show that for all sufficiently large p we

have
> f(P+%c) </f(Q)dQ+e .
P

¢€B(p,a),c#0

Here we make essential use of the fact that f vanishes outside a sufficiently
large cube consisting of X = P + zye; + ... + zyen with |z,| < M. To
the index set D(p, a) for the sum above one must add only lattice vectors
¢ = g1b; + ... + gnby with g = O(mod p). If p is chosen so large that
¥/p > M, then since g; # 0 it follows from the divisibility of g; by p that

|g1/p1_l/N| >M, f (P+ %c) = 0, i.e. the sum is not increased by these
additional lattice vectors. If g; = 0 holds, then

N
1 _gnP
Loy oY g
n=2 n=2

Some g, is certainly distinct from zero, which for §/p > M again has
lgnpl/ N| > M, f (P + %C) = 0 as a consequence. Again no contribution

is made to the sum above. Paying due regard to the definition of & = &(p, a),
the final inequality implies the formula given in Lemma 3. In this way both
Lemma 3 and Theorem 3 are proved using a simplified method of C.A. Rogers.

Exercises on Chapter 3

If M C R", we denote by (9N) the subspace generated by 9. The rank of M equals
dim(9M). A set X C IR" is called discrete, if it has no accumulation points (in IR").

* 1. Let & be a discrete subgroup of IR* of rank k. Let {a1,...,05-1,9x} C &

be linearly independent. Suppose that & N (IRa; + ...+ Rax_1) = Za; +

..+ Zay_,. Put 6 = & n ([0,1)&1 +...4+[0,)ar_1 + [O,I]Uk), ap =

min {& > 0: there exist ai,...,ar—1 € R with a1 + ... + ax—10x-1+

avy € 6}, and choose a1, ...,ar—1 € R so that A := @181 +...+ak—10k-1+
axV; € 6. Show that & = Za;, + ... + Zay.

2. Let & be a discrete subgroup of IR™ of rank k, 0 < k < n. Show that there
exist linearly independent vectors ai,..., a; with & = Za; + ...+ Zay.

3. Let & be a closed, non-discrete subgroup of IR", (£p),»1 a null-sequence in

$,0< |rp] <1and ky = max{heN: h|;,[<1} for p > 1. Let a be an
accumulatxon point of (k,;p)pzl Show that a # 0 and IRa C ®.

4. Let @ be a closed subgroup of IR™ of rank r, 0 < r < n. Show that & contains
a maximal subspace U of IR". If 2U is a subspace of R™ with U + 20 = R",
BN W = {0}, then B N W is discrete and & = V + (W N B).
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. Let & be a closed subgroup of IR® of rank r. Then there exists some p, 0 <

p < r and some basis {@a;,...,a8,} of R", so that

® =Ra; +...+Ra, + Zay41 +... + Za, .

. Let & be a subgroup of R™ and * = {u € R" : (u,x) € Z for all ¢ € 6}.

®* is called the group associated with &. Show that &* is a closed subgroup
of R™ and that &* = (6)‘.

. Let {a;,...,a,} be a basis of R*, & = Ra; +...+ Ra, + Zay41 + Zap4,

and {a},...,a}} the basis dual to {a1,...,a,}. Show that

&* =Zay,, +...+Zayy, + Ragy, +...+Ray .

. Let ® be a subgroup of IR”. Show that & = (&*)*.
. Let L : IR® — IR™ be linear, b € R™ and let {ei,...,¢,} be the standard

basis of IR". Show that the following statements are equivalent:

(i) For all ¢ > 0 there exists (p,q) € Z™ x Z" with |[L(q) —p — b| <e.

(i) If u € Z™ is such that (u,L(e;)) € Z for 1 < i < n, then (u,b) € Z.
(Kronecker’s Approximation Theorem.)

Let L:IR® — IR™ be linear and let {ei1,...,¢,} be the standard basis of IR™.

Show that the following statements are equivalent:

(i) For all ¢ > 0 and all b € IR™ there exists (p,q) € Z™ X Z" with
|L(a) - p — b] <e.

(ii) If u € Z™ is such that (u,L(e;)) =0 for 1 < i < n, then u=0.

(Kronecker’s Approximation Theorem).

Let ® be a lattice in IR*, P a fundamental parallelepiped of &, X C IR®
discrete, 9t C IR™ measurable and A(9) < oo. For all g € & suppose that
X + g = X. Show that there exists some point ¥ € P with

(9 + 5) N X| > M) X 0 P|/d(8) -

Let ® be a lattice in IR*, P a fundamental parallelepiped of &, X C IR
discrete, 9 C IR™ compact. For all g € & suppose that X + g = X. Show
that there exists some ¢ € P with

[(9 +2) N X| > A(IM)|X N P|/d(S)

(Blichfeldt’s theorem).

Let L : R® — IR™ be linear and N > 1 real. Show that there exists some
(£,9) € Z™ x Z™ with 0 < [|z]] < N™/" and ||L(z) - 9|| < % Here |la]| =

max;<i<:¢ |ai| for a € IR'. (Dirichlet’s approximation theorem.)
Let 0 € & C IR™. Then the lattice constant of &, A(R), equals inf {d(B):

® is a lattice in R”,& N & = {0}} (where inf@ = 00). Show that for ¢ > 0,
A(tR) = t" A(R).

Let 0 € & C R™ be Jordan measurable. Show that A(R) < A(R) (Hlawka
1943).

Let £ C IR™ be compact, convex and contain 0 as an interior point. Then &
is talled a convez body. If Rissuch,1 <j<mnandI; ={\>0: \ANZ" has
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rank > j}, then Ij is a closed interval, unbounded from above. \;(R) := inf I;
is called the jth successive minimum of K. Show that A\ (R) < ... < M (R) .

Let ay,...,axs be positive numbers, & = [[*_| [—ai,a;], and o a permutation
with a5(1) > ... 2> @,(n). Show that X;(R) = a;(';.).
Let £ be a convex body, 1 < j < n. Show:

(i) K L:R"—IR"islinear and L(Z") = Z", then \; (L(R)) = );(R).
(i) Ift >0, then X;(tR) = 1X;(R).

If R is a convex body, then there exists some basis {g1,..., 8} of R", so that
for 1< j<n,g;€r(R)RNZ".

Let d < 0 be square-free, d Z 1(mod 4). Show that the following statements
are equivalent:

(i) Prime decomposition is unique in Oy

() de{-1,-2}.

(For the definition of O see page 139 of our book on elementary number
theory.)

Hints for the Exercises on Chapter 3

12.

13.

15.
20.

. Let ¢ = Ef-ll Biti + o € B. For 1 <i<kputvyv =8 —o [E“-] and

X

ro=Yy%! 7] 8. Show that ¥ — 10 — | £k a; € &, then prove that 2k € Z,
ag Xk

i=1

and finally that vi € Z for 1 < i < k.

. Induction on k. Apply (1).
11.

Ifpe XNnP and & C R", put 1,(6) := 2960 cg(p + g). Show that
Epe‘nnx vp(6) = |6 N X| and calculate f‘l’ vp(9M + r)dr. Finally put & =
M + 1.

The case v := A(IM)|X N *P|/d(B) ¢ Z is trivial. If v € Z, choose A\ = 1+ }
and apply (11) to A\ 90.

Put A={r€Z" : 0 <z < N™" for 1 <i<n},so that |A| > N™. For
» € R™ put {9} = {wn},...,{ym}). If £ — {L(2)} is not injective on A,
then one immediately finds x,9. If r — {L(x)} is injective, then in (12) put

X=2Z"+L(™),8=2Z", P =[0,1)" and M = [0,%]™. If a € A, then
{L(a)} € PN X, so that | Pn X| > |A|.

Apply Lemma 3.

In order to prove (i) = (ii) note that for d < —2, 2 is irreducible in Og4, but
not prime.
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Until now the approximation of individual real numbers has been studied with
the help of integers, and for this the methods of Analysis and Geometry have
been seen to be helpful. From now on the reverse problem will be attacked:
number theoretic functions, the calculation of which for large values is severely
limited because of the irregularity of their behaviour, will be represented ap-
proximately by known functions from differential and integral calculus with
easily described behaviour. Moreover the methods of analysis are also avail-
able for these approximation problems. For example in Chapter 5 we prove
the prime number theorem, which has for its subject the approximation of
the number theoretic function m(z), which counts all prime numbers p < z
by means of the function z/logz. In this chapter we develop the notation
and necessary techniques, discuss how good an approximation is, and present
some simple examples.

First Tool of the Trade: The Landau Symbol

The symbols O, 0 named after Landau, although used earlier by Bachmann,
describe similarities in the growth of functions.

f(z) = g(=) + O(h(z))

implies that as £ — oo,
f(z) — 9(2)
h(z)
remains bounded, i.e. that f(z) — g(z) increases at most as fast as h(z). If
on the other hand f(z) — g(z) increases much more slowly than h(z), more

precisely if
. f(z)—9(z) _
AT

then Landau writes f(z) = g(z) + o(h(z)).

Of course in these definitions the common domain of definition of f, g and
h must not be bounded above. If it is clear from the context that instead of
z — oo we are interested in the convergence z — ¢, another accumulation
point of the functions’ common domain of definition, then we shall use the
symbols in the same way, implicitly supposing that z — £. If

0,
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f(z)

2@ =t

ie.

f(z) = g(z) + o(9(2))
which is equivalent to

f(z) = g(z) + o(f(2))
then the two functions are said to be asymptotically equal, and we write

f(z) ~g(z) .
From differential calculus one has the familiar examples
27=0+ o(e**) = o(e®?) ,
(log z)? = 0 + o(z®) = o(z®)

for arbitrary € > 0 and £2, or

ez
sinhz ~ —
2 b

sinz = 0(1) ,
sinz = z 4+ O(z?), (z—0).

By direct application of the definitions one also sees the validity of the follow-
ing statements: if g is non-negative and f(z) = O(g(z)), then (by continuity
of the functions for z > a)

/,. "yt =0 ( / ’ g(t)dt) .

Furthermore if f(z) = o(g(z)) and [° g(t)dt diverges, then
/t f(t)dt=o0 (/z g(t)dt) .

Applications:

(1) One says that a number theoretic function, that is a function f defined
on IN, is multiplicative, if it is not identically zero, and for all coprime pairs
(m,n) we have

f(mn) = f(m)f(n) .
If we know the value of f on all prime powers then f is completely determined

by its multiplicity. This is also the basis for

Lemma 1. If for the multiplicative function f one has

lim f(p™)=0,

pm™—o0
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as p runs through all prime powers, then

i, flm) =0

Proof. By assumption f(p™) remains bounded for all prime powers p™ with
m >0,
Ife™I<4, (421).

Further there exists some positive B, so that p™ > B implies that
Ifp™I<1.
For each arbitrarily chosen ¢ > 0 we can find some C = C(e) with

F™)I < -5

for p™ > C. If in the prime factorisation
n = H p”(P’n)
P

all prime powers p*(®™ < C, then one would have

n S H p”(?*") < CC ,
p:p'(?n")(C

that is for all n > C€ for at least one prime factor p one would have to have
pV(p,n) >C .

Thus in the relations

) =TT |f (™)
- I i)

p;p"(?n")(B

9 S

p:B<pv(rn)cC

<L)

p:C<pr(pm)

X

the first factor on the right-hand side is bounded by A2, the second by 1 and
the third (which for n > C does not reduce to the empty product) by e/AZ.
This shows that for n > C°

If (n)l <e,
concluding the proof. o
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This lemma contributes to the proofs of the following results:

Proposition 1. If 7(n) counts the natural divisors of n, then for each positive
eJ
7(n) = o(n®) .

Proof. Elementary number theory shows the multiplicativity of the divisor
function 7(n), hence if
7(n)

fn)=—2*
f is also multiplicative. By Lemma 1 we have to show that

lim &—)= lim m+1__0

pm—oo  pEm pr—oo  pem -

which follows from
m+1 < 2m  2logp™ < 2 logp™
pcm  ~ pem - pem™ logp - 10g2 (pm)e

(2) The Euler function ¢(n) counts the prime residue classes modulo n,
i.e. the number of all natural numbers k¥ < n with the highest common factor
(k,n) = 1. This is also multiplicative, and the formula

(™) _pm—pmt 1

™ ™ p
together with p(n)/n <1 shows that

Tmy oo ¢(n) =1
n
In the reverse direction
nl—e
f(n) =
=2

is multiplicative, and for ¢ > 0 the convergence of f(p™) to 0 follows from

0 = e = s
p
By Lemma 1 this implies that
) 1-¢
A =0

with which the following statement is proved:
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Proposition 2. If ¢(n) counts the prime residues modulo n, then on the
one hand ¢(n) = O(n), and on the other for each positive € one has nl~¢ =

o(¢(n))-

(3) The function o(n) the sum of the natural divisors of n is also multi-
plicative. From o(n) > n+1 > n and o(p) = p + 1 one obtains

The function
fn)= =3¢
is multiplicative, and from the convergence of

m+1 _ ] 1

_P .
f(pm) - p _ 1 pm(1+5)
1 (1 - 1/p"'+1)
™\ 1-1/p

Proposition 3. If o(n) sums the natural divisors of n, then on the one hand
n = O(o(n)), and on the other, for each positive e, one has o(n) = O (n1*°).

to zero for all € > 0 follows

The result stated here is so weak that it ought to be ashamed of the title
“proposition”. A simple estimate gives

a(n):Z%:n-E-};Sn-Zi—

m|n min m<n
> [™ dt >\ (™ dt
=n+n Z/ —<n+n E/ —
m=2 -1 m m=2 Jm—1 ¢
=n+nlogn

and with it the more precise statement
o(n) = O(nlogn) .

The results stated in the propositions above give only scanty information
on the behaviour of number theoretic functions. The last calculation shows
that clever replacement of a sum by an integral yields deeper insight into the
structure of these functions. Thus Dirichlet proposed, rather than describe the
behaviour of number theoretic functions directly by estimates of f(n), to use

the means
1 N
N > f(n) .

n=1
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This is because taking the sum of isolated extreme values of f, which perturb

the average behaviour, has a smoothing effect. Dirichlet contrasts the sum
above with the integral

T
% /o ()t .

As was indicated in the last calculation performed, his idea rests on the re-
placement of the sums above by appropriate integrals, and then draws on
the Analyst’s trusted rules for the asymptotic calculation of the sums. This
introduces the second calculatory technique to be considered in this chapter.

Second Tool of the Trade: Analogy Between Sum and Integral

(1) There is a qualitative analogy (i.e. an existential analogy between the
sum and integral) because the sum like the integral is a positive linear func-
tional - in this connection recall the discussion of the Weyl criterion carried
out in the second chapter.

(2) The qualitative analogy is not limited to positivity and linearity; the
rule

z=b z=b
| 1@da(a) = 10)98) - f@o(@) - [ o))

=a

for integrating by parts corresponds via the so-called Abel transformation to
the following sum

Q
Y- f()(9(n) — g(n - 1)) =£(Q +1)9(Q)
n=P
- f(P)g(P-1)

Q
=Y g (f(n+1) = f(n)) .
n=P

One shows this by direct calculation:
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Q
Y f(r)(g(n) - g(n - 1))

n=P

Q Q
=Y f(n)g(n)= > f(n)g(n—1)

n=P n=P
Q Q-1
=" f(n)g(n) - f(n+1)g(n)
n=P n=P-1
Q-1
=Y (f(n) - f(n+1))g(n) + f(Q)9(Q) - F(P)g(P - 1)
n=P
Q
=Y (f(n) - f(n+1))g(n) - (f(Q) - F(Q+1))9(Q)
n=P

+ £(@)9(Q) - f(P)g(P —1)

= f(Q@ +1)9(Q) — f(P)g(P - 1)
Q
=Y g (f(n+1) - f(n)) .
n=P

If g(n) is itself a sum
g(n)= > k(m),
m=P

then the Abel transformation reduces to the following formula:

Q Q
D f(h(n) =f(Q+1)- Y h(n)

n=P n=P
Q n
+ 3 (f() ~ fn+ 1)) - Y A(m) .
n=P m=P

Finally, taking P = 1 for simplicity, let f be a continuously differentiable
function defined on [1,00[. If for z > 1 one defines the sum function by

[2]
oz)=Y h(m) ,

then because of
n+1
f - fm+ == [

and the transformations
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[z] n
Y (f(r) = f(n+1))- ) h(m)

n=1 m=1
(=] n+1
==X [ s g
n=1 v"

(=] n+1
==X [ rowa
n=1vY" .

[z]+1
- / 9(t)f (t)dt
z [z]+1
__ / o()f ()t — / 9(t)f'(t)dt
1 z
z [z]+1
=— / g(@®)f'(t)dt — g([z]) / f'(t)dt
1 z
- /1 d@&)F'()dt — g(2)f([z] + 1) + 9(2) f(2)

for @ = [z] the right hand side gives the following statements.

Proposition 4: Abel Transformation. Let f be continuously differentiable
on [1,00[, h be a number theoretic function, and g be defined by

[z]
g(a) =Y h(m)

m=1

then
[z]

S f(n)h(n) = f(z)e(z) - / " O F (it .

This version of Abel transformation appears to allow meaningful eztension
of number theoretic functions g from IN to [1,00[ via g(z) = ¢([z]). Moreover
instead of ELELI one willingly writes ), ., or Y, .. ... With this Abel trans-

n<lz
formation is elegantly expressed as

S f(n)h(n) = f(2)g(z) - / " g)f (1)t

n<lz

for

g(z) =) h(m) .

m<z

By means of a simple substitution one easily sees that for an arbitrary
monotone increasing, unbounded sequence of real numbers A\; < X2 < ... <
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An < ... and a function f continuously differentiable on [A;,00[ the Abel
transformation holds in the form

> ) = f@a(e) - [ aor e
A <An<z A
with

gz)= > h(m).

M <Am <z

In the initially proved “sum version” of the Abel transformation one does not
need to assume that the number theoretic functions take complex values - it
suffices to assume that these values lie in some (not necessarily commutative)
ring. All such generalisations of the Abel transformation are useful; however
for the purpose of this book the connection between sum and integral stated
in and after Proposition 4 suffices.

(3) The qualitative analogy between sum and integral is rounded out by
a quantitative analogy.

Proposition 5: The Euler Sum Formula. Let a be a natural number and
f a continuously differentiable function defined on [a,00[. Then we have

> fm=[ ftat+R
a<n<z a

with the remainder term
R= [")7@dt+ (@) - 2}f(z) -

In particular, if f increases (decreases) monotonically, then R = O(f(:l:))
(resp. R = O(f(a))); we assume f > 0.

Proof. As usual let {t} =t — [t] denote the fractional part of the real quantity
t. If in the formula for the Abel transformation one substitutes the arithmetic
function h with h(m) =0 form = 1,2,...,a — 1 and h(m) = 1 for m > a,
then one obtains

> =Sl -a+ )~ [ (1= a+ Df (t)de

a<n<lz
= [6lf(@) ~ (a = 1f(e) - [ 17 e
+(a=1)(f(z) - f(a))
= [elf(2) = (a = 1)f(a) / 1/ (t)dt .

If from this relation one subtracts the formula
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/., " F(t)dt = 2(z) — af(a) - / “ef byt

obtained by partial integration, then one is left with the remainder term of the
Euler sum formula. Since from the monotonicity of f the sign of f' remains
unchanged, from

z{t}f'(t)dt‘
< [r i< [ 1r ok

_ / : f'(t)dt’ = |f(z) - f(a)|

one deduces in general that

R=0(lf(=)| +f(a)])

from which the remainder of Proposition 5 follows. O

If for example for some constant s > 1 one writes f(t) = t™*, then, because
of the decreasing monotonicity of the function, for natural numbers P, Q with

P < @ one has
Q
/ﬁ“)( ;)
P

1 1 1
-=i(F-gm) o (m)

This justifies the following statement:

Proposition 6. For natural numbers P,Q with P < Q and real s > 1 one

has
Q
1 11 1
> w =TT (Ps—l - Qa—l)’LO(F)

n=P

In particular

and
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If one puts f(t) = 1/t one obtains the relation

Nl_/NﬂJ,l_ N {1t
n )i t 12

_ * {t}dt * {t}dt
--logN-I—].—/l —t-2—+/ iz

n=1

where the first integral certainly converges, and one estimates the second by

o {t}dt</°° d 1

[T v 2 N

The number
 {t}dt

C=1-
1 t2

is called the Euler-Mascheroni constant, and in turn this calculation justifies

Proposition 7. One has

M1 1
§:5=ng+C+o<ﬁ),

n=1

where
C=1- oo{t}dt—-l' ENl log N
- 1 t2 - Nl—rf;O =1 n - Og

denotes the Euler-Mascheroni constant.

Applications:

(1) In the Dirichlet divisor problem the averaged behaviour of the divisor
function
1 N
N > 7(n)
n=1
is to be asymptotically calculated. The sum above calculates all natural num-
bers m, which divide one of the natural numbers n < N; in other words it

counts all pairs (m, k) of natural numbers for which mk = n < N holds. An
analytic formulation of the sum above, which is easier to handle, reads
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EONCES DU EES Dol

n=1 n<N m<N/n n<N

S|

3=
3=

7 2
NnSN

1 1
+0(_ﬁ,;v 1) =logN+C+O<N)+O(1)

=logN +0(1) .

Although with this

1 N
]_V-Z T(n) ~log N ,

n=1

or more exactly

1 N
¥ 2 T(n) =log N +0(1)

n=1

is proved, the result is not yet satisfactory, since the crude estimate

%é {3} =0

dominates the more subtle calculation of the harmonic sum in Proposition
7. Dirichlet solved this mismatch by bringing the symmetry between divisors
and complementary divisors into play. If into A we collect all pairs (m,n) of
natural numbers with nm < N and n < /N, and into B all pairs (n,m) with
nm < N and m < \/JV , then the union of A and B describes all the divisors
counted in

N

Z T(n) .

n=1

Only the pairs with n < v/N and m < v/N are counted twice in a common

2
listing of A and B; the number of these doubly counted pairs comes to [\/N ] ,
from which it follows that
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N
%;T(n)=%(2 ;m <Z~:/ 1- JN])
-5 T [5]-w T
v 2 (- {7) % (-
1 2 N 2
=2ﬂ§ﬁﬁ"1"ﬁn§ﬁ{7}+_N{m}
_1 \/N}2
N 1 2
=2log[\/J_V—]+2C+O(—F)—1——N—O(\/N)
+ %0(1) - %0(1)
=210g(\/]7—{\/ﬁ})+20—1+0(%ﬁ)
2
=2log\/17+o(m.{x/ﬁ})
+20—1+0(%)
=logN+2C—1+0(ﬁ) .
(In the last line but one the mean value theorem is applied.) O

Proposition 8. The averaged behaviour of the divisor function 7(n) is de-
scribed asymptotically by

N
—qugr(n)=logN+2C—1+O(#) 12

n=1

(2) In the third chapter we introduced the number theoretic function r(n),
which counts the representation of n as the sum of two integral squares. Al-
though here also we are concerned with a typical number theoretic function
with unusually jumpy behaviour, asymptotic calculation of the mean

1 N
WZ"(”)
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shows itself to be extraordina.rily simple. Thus let

N

Sm=YY ¥ o

n=1 n=1 =z y:zz-}-y’:n

=) ) 1

T y:1<z?+y?<N

give the number of points (z,y) distinct from the origin (0,0) with inte-
gral coordinates inside the circle centred at (0,0) with radius vN. If with
each (z,y) with integral coordinates one associates the square Q(z,y) =
[z,z + 1[x[y,y + 1[ and lets Ky denote the disc, i.e. the set of all (£,7)
with £€2 4+ 7% < N, then

N
1+) rin)= > 1

n=1 (z,9)€EKN

= Z // dédn .

(@WEKN Q(z,9)

It follows that it is only necessary to estimate the total area of the square
Q(z,y) with (z,y) from K. Since the diameter of the square is /2, all squares
under consideration must lie inside the concentric circle with radius v N + /2
and also must cover the concentric disc with radius VN — V2. Thus

w-(\/ﬁ—\/é)251+§:r(n)57r-(\/I_V+\/§)2 .

Hence on the one hand

N

Zr(n)SWN+27r\/§\/]V+27r—l
=7rN+O(\/J_V_) ,

and on the other

N

> r(n) > 7N - 27v2VN + 21 -1
=7rN+O(\/_ﬁ) .

This simple calculation was first carried out by Gauss, for which reason the
asymptotic averaging of
1
¥ 2 (™)
n=1
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is, with hindsight of its geometric significance, called the Gauss circle problem.
The following theorem ties the result together:

Proposition 9. The behaviour of the function r(n), which counts the repre-
sentation of n as the sum of two squares is described asymptotically by

%ir(n)=7r+ (71_1\—,) 1

n=1

(8) For the calculation of the averaged behaviour of the Euler ¢-function
it is most convenient to use the well-known representation in terms of the
Mobius p-function from elementary number theory,

pn) =Y = u(m) .

m|n

Thus

3
i
5
S
I
1)
3
3

2|~
M=
b}
2
I
2~ 2|~
M=

2| =

1= -0
el
x>
3
A
2

I
2|~
M=
xE
3
™
bl

ast kéNim
-1 mz’:: my2LLm )+ 1)

- 5o (- () (- {2}
_y 2’; pom) , 1 i’: )1 = 2N/

i E {2} (-{2)

The orders of magnitude of the second and third summand are
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N

0 (% ) %) = O(log N) ,

1m=lN
0 (2—]\7; 1) =0(1) .

For the estimation of the first summand one applies the identity

which on the one hand depends on the Mobius inversion formula, and on the
other on the interchangeability of series members, given the absolute conver-
gence for s > 1. In short one has a special case of a more general allowable
procedure. From this it follows that

-1
o~ Mm) _ (s~ 1) _ 1
,?:lm"( k’) "W T

k=1

In particular by Proposition 6

N m > m >, m

mz=l A( 2) =m=1 I"(nz) _m;N:H #'(712)
-+ (=1 o)
-2+0(3)

Proposition 10. The averaged behaviour of the Euler function p(n) is de-
scribed asymptotically by

3 ¢ln) = 55N +0(log ) .

w2

Since this proposition indicates linear behaviour for the mean of the Euler
function, the quotient ¢(n)/n is also of interest, since in mean it must be
asymptotically equal to a constant. In the calculation of
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i@

we use the Abel transformation (Proposition 4) together with the expressions
f(n) =1/n, h(n) = ¢(n) and

o)=Y h(m) = % -n? + O(nlogn) .

m=1

Thus

N 2
Z =—1—-§1]7V—+ —O(NlogN)

2 N
_/ 3t __dt 0(/ tlogtdt)
1w 1

3N 3 t=N
-—2+0(logN)+—-— N+0(/

t=1

logt - d(log t))

i + O(log? N) .

2

Proposition 11. The averaged asymptotic behaviour of the quotient p(n)/n

18 described by
N 2
1 (n) 6 log® N
N Z n w2 +0 ( N )

(4) A natural number n is called k-free (if k = 2, square-free), if it is divis-
ible by no integral kth power other than 1*. The number theoretic function
pxr determines whether n is k-free or not, since for k-free n it has the value
pr(n) = 1 and for the remaining n pi(n) = 0. If one writes n = h* - I with [
k-free, then from m* | n it follows necessarily that m* | k¥, that is m | A. In
the same way one passes from m | h to m* | n. Therefore

> u(m)=>" u(m)

m:mk|n - m|h

holds. On the right stands the sum function of the Mdbius function for h;
obviously it only equals 1 for A = 1, and is otherwise always zero. This shows
that .

pr(n) = Y p(m)

m:mk|n

and helps to justify
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Proposition 12. The averaged behaviour of the function pr(n), which deter-

mines if n is k-free (if yes then px(n) =1, if no then pr(n) =0) is described
asymptotically by

N 3
1 1 YN
ﬁ'; pi(n) = Z’(_k)+0 (_N_>
Proof. Use the relations

1 & 1
T mm =5 > wm)

n<N m:mk|n

N
m,:mkIKN
1
=% Yo oum) > 1
m< YN ISN/m*
1 N
=¥ u(m) ['nj]
mSW
1 N 1 N
-2 T -t T um {2
m< YN m< YN
& y(m) um) 1
- Z mk Z mk +7\70 Z 1
m=1 m>¥N m< ¥N

(W
«m*O(N>

If A(z) counts the natural numbers n < z which satisfy a certain property A,
then one calls

A(z)

T

lim, ,.

the densityyof the natural numbers with property A. In the sense of this

¢onvention it follows from Proposition 12 that

Corollary 1. The density of the k-free natural numbers equals 1/((k), in
particular the density of the square-free natural numbers equals 6/72.
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(5) As a final illustrative example we study the probability that a pair
(m,n) of natural numbers is coprime. As a technical tool we use a basic
property of the Mdbius function.

Lemma 2: Vinogradov’s Lemma. Let S denote a finite set, G a commuta-
tive group (written additively), f and g two functions defined on S with values
in IN (respectively G). Then the formula

S =3 wm- Y e
SES:f(s)=1 m=1 SES:m|f(s)

holds.

Proof. Since the sum function of the Mébius function Zml £(s) u(m) only takes
the value 1 for f(s) = 1, otherwise always taking the value 0, we must have

Yo e =Y g(s)- > wm)

S€ES:f(s)=1 s€S m|f(s)
[ o)
=Y um)- Y gls),
m=1 sES:m|f(s)
(where the final infinite sequence is actually terminating). O

As an application of the Vinogradov lemma put G = C, S equal to the set
of all natural divisors of n and f(s) = n/s. The formula

[ o]

g(n) =Y u(m)- Y g(s)

m=1 sam|n/s

=Y u(m) Y g(s)

m|n sln/m

obtained in this way proves the Mébius inversion formula.

A second application concerns the exercise mentioned at the beginning,
which we can state more generally: how large is the number Ag(N) of k-
tuples (ny,...,n) of natural numbers n; < N, which are relatively prime to
each other, that is have highest common factor g.c.d.(n1,...,nx) = 17 If in the
Vinogradov lemma one sets S equal to the set of k-tuples under consideration,
takes g(s) = g(n1,...,nx) = 1 for all s = (ny,...,nx) from S, G = C, and
f(s) = f(n1,...,nx) = g.c.d(ny,...,ni), then Lemma 2 implies that
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[o o]

AN) =Y u(m)- ) 1
m=1 (n1y...,nk)ES:m|ny,...,m|ns
oo
= u(m)- > 1
m=1 11,...,1,,:11SN/m,...,l;._<_N/m
oo N k
=3 um E

) k N k-1
=Y wm+0 (Z )| (5 ) )

N* k-1 = 1-k
=—=+ 0| N~ m
® 2
If we distinguish between the cases k = 2 and k¥ > 2 then we obtain the
following answer

Proposition 13. The number Ax(N) of k-tuples (ny,...,nk) of natural num-
bers n; < N, which are relatively prime to each other, for k > 2 satisfy

Ak(N) = N*/¢(k) + O(N* )

and for k =2
A3(N)=6N?%/72 + O(NlogN) .

In particular the probability that an arbitrarily chosen fraction a = n/m cannot
be reduced tends to 6/n2.

Third Tool of the Trade: Dirichlet Series

The formula

. -1
i pn) _ 1 _ ) 1
ne C(S) n=1 nt
introduced in connection with the third application for s > 1 is only an ex-
ample of the general concept of so-called Dirichlet series: if f is a number

theoretic function we call
— f(n)
Z = =F(s)
n=1 n?

the Dirichlet series formed from this function. In order to understand the
importance of these functions for number theory, let us first put on one side the
study of their convergence. Neglecting convergence suppose first that Dirichlet
series are considered formally as finite sums - if we multiply F(s) by the series

> 2 -
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with the same exponentiated power in the denominator one obtains

m=1 k=1
=Y = T fmee)
n=1 m,k:mk=n

=y -:—, > fmyg (=)
n=1 m|n

Thus the result is again a Dirichlet series forming the convolution f * g of the
two number theoretic functions f and g. We define

From) =3 fm)g () .
m|n

In particular if G(s) = ((s), i.e. g(n) = 1 for all n, one obtains

F(s)((s) = Z Z f(m) ,

n=1 min

and hence this Dirichlet series is generated by the sum function of f. Thus
the formula

1

Y

only mirrors

Youm)- Y fk)=f(n),

m|n kln/m

i.e. once more the Mdbius inversion formula.
Simple examples show the connection between Dirichlet series and number
theoretic functions. Because
T(n)=)_1

m|n

holds, we also have

)= ¢y .

;Tn
a(n):Zm

m|n

For

the representation
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follows from
¢(s)¢(s — 1) f: 1 f: m
ks ms
k=1 m=1
5 2
= - m
n=1 n m|n

Since it is clear that

Y e(m)=n

m|n
and the associated Dirichlet series agree with

[ o]

> S =ls-1)

n=1
it follows for the Euler ¢-function from the Mobius inversion formula that

2 p(n) _ G(s—1)
TG

For prime powers n = p” let the Mangoldt function A be given by A(n) =
A(p¥) = log p. On the other hand if n is not a pure prime power, set A(n) = 0.
Since in the sum function

Y A(m),

m|n

n=1

for each prime divisor p logp is counted according to the multiplicity v(p,n)
arising in the prime factorisation of n, and the sum of the logarithms can be
expressed as the logarithm of the product, the sum function above reads

Z A(m) =logn .
m|n

For the formal differentiation of the Riemann (-function and the Mobius in-
version formula it follows that

= % Z A(m)
n=1 m|n
=) 3 A
n=1

which implies
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$ A0 o
= (s)
For multiplicative number theoretic functions f the Dirichlet series can

be transformed into product form, since, starting from the unique product
decomposition

n=p{'py?...p¢ ...
of each natural number as a product of prime powers, we can carry through
the formal manipulation

F(s) = Z f(")

fo) f(52)...f(pRY)...
DD D e

"m >0 4] >0 VNZ >0

HZ f( ,

p v=0

]

where the product is taken over all prime numbers p. Furthermore, if f is
strongly multiplicative — i.e. in each case f(mn) = f(m)f(n) holds — this
shows, taking into consideration the geometric series

fer 1
> -

that

A last example shows how this formula serves to represent number theoretic
functions.

The Liouville function X is defined for prime powers by A(p*) = (-1)¥,
and is extended to all natural numbers so as to be multiplicative. Hence A(n)
takes the value +1 or —1, depending on whether n possesses an even or odd
number of prime factors, due regard being paid to multiplicities. Since A is
even strongly multiplicative, it follows that

n=1 p 1+
p

1
1
SR cD)
L@

-1l

p2a
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In the formula
(@)= 3 =3 1)
m=1 n=1

we introduce the number theoretic function ¢(n), which for a natural square
n = m? takes the value g(n) = ¢(m?) = 1, and otherwise is equal to zero. It

follows
2 Mn 2s
Z n® C(((s)) Z n’zq( )#( )

n=1 m|n

n
=2 u(a)

which gives

These formal manipulations can be put on a sound foundation, since calcu-
lations with Dirichlet series, such as differentiation, transformation to infinite
products, multiplication with arbitrary rearrangement of the component sub-
products, etc. can be considered as formal operations taking place inside the
framework of formal Dirichlet series. For the analyst the setting up of the
framework is uninteresting — he justifies all the operations arising here by the
demonstration of absolute (resp. uniform) convergence for the series (resp.
products) which occur. This is achieved by means of

Proposition 14. If

F(s) =

n=1

18 the Dirichlet series formed from the number theoretic function f, and if
F(s) converges for the complex number s = sq, then it converges uniformly
for all complez s in the corner region —a < arg(s — so) < a for an arbitrary
constant a < /2.

The fact that s is considered as a complex variable, s = o + it, should be
particularly clearly emphasised; it allows us to use complex variable techniques
for Dirichlet series. The theorem visibly asserts that the uniform convergence
of Dirichlet series is guaranteed in a region of the form drawn in Fig. 14. In
particular the function F(s) converges for Re(s) > Re(so).

Proof. Passing from f to the number theoretic function f(n)/n®® one recog-
nises that without loss of generality one can take sy = 0, i.e. one can assume
the convergence of
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Fig. 14. Region of convergence for Dirichlet series

F0)=) f(n) .

This implies that for each arbitrarily preassigned ¢ > 0, one can find some
natural number K, such that for all N, M with N > M > K,

N
Y fn)
n=M

< Ecosa

holds. Thus for s with |args| < @, | cosarg s| = Re(s)/|s| > cos a, because of

n+1
/ 1~ 14t
n

n+1
< lsl . / t—Re(s)—ldt
n

1 1
n® (n+1)*

ls

= RLs(ls) (nRe) — (n 4 1)7Re)

1 —Re(s) —Re(s)
S COsS ¢ (n (n + 1) )

one can apply the Abel transformation, obtaining
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N N
S | = [<N+1>-’ $ fm)

n=M n=M
N n
+ Y (=417 Y f(m)
n=M m=M
N
SRS 7 f(n)
n=M
N 1 ‘ n
- ~Re(s) _ —Re(s)
+ n;/! cosa (n (n+1) ) m;\l f(m)
< (N+1)7Re® ¢ cosa
+ (M-—Re(a) _ (N + 1)—-Re(a)) €
S MR g <6,
The assertion in the proposition now follows. O

The infimum o¢ of the real parts of all s for which F(s) converges is
called the convergence abscissa of the Dirichlet series, since for Re(s) > ¢ the
Dirichlet series converges, and in each compact subregion of the half-plane
Re(s) > oy is even uniformly convergent. Hence by the complex variable
convergence theorem of Weierstrass it follows that the Dirichlet series

f(n)
is holomorphic and may be differentiated term by term,
F’(S) Z f(n)logn .

n=1

The convergence abscissa o of the Dirichlet series
oo
3 If(n)]
n=1 n’

is called the abscissa of absolute convergence of F(s). The example of the
Riemann (-function with convergence abscissa oq = 1 and of the Dirichlet

series -

5 E

n=1 n?
with convergence abscissa oy = 0 (by the Leibniz convergence test for alter-
nating series) shows that the abscissa of absolute convergence, which for the
series given below coincides with that of the Riemann (-function, may in gen-
eral be greater than the convergence abscissa itself. However the difference is
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at most 1: indeed if o¢ (resp. o§) denotes the convergence abscissa (resp. the
abscissa of absolute convergence) of

n=1

then, because of the boundedness of the terms for ¢ > 0y, there must exist
some K with

|[f(n) - n7?| < K

for all n. Hence for an arbitrary positive ¢

n=1

+1+
= nﬂ' &€
so that it is certainly true that of < o + 1 + £. Because of the free choice of
o > 09, € > 0, the inequality of < g9 + 1 has to hold, as asserted.

Proposition 15. Let the Dirichlet series
f( o 9(n)
F()—Z , Gle)=) T
n=1

be convergent for Re(s) > oo and be absolutely convergent for Re(s) > oy.
If for all s with Re(s) > o the equation F(s) = G(s) holds, then the same
also holds for the underlying number theoretic functions, i.e. for all natural
numbers n f(n) = g(n). For all s with Re(s) > o(, the product may be ezpressed
as

F(s)-6(s) = Y 1240

with

fxg(n)= Z Z f(m)g(k) = Z f(m)g (%)

m,k:mk=n m|n

If f is @ multiplicative function, then for all s with Re(s) > oy there ezists the

product representation
=Y 452

P v20

which for a strongly multiplicative function simplifies to

1
Fo) =1 —7 flp) -

P 1-
p’
(As always the indez p runs through all prime numbers.)

Proof. For the verification of the first statement it must follow from
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H(3)=F(s)—G(s)=zf(L);’;M=z ,(::)=0

that h(n) = 0 for all n. If N were the smallest natural number with h(N) # 0,

then from the uniform convergence of

>, h(n)-N*
Z()

n®
n=N

for s > 09 + 1, it would follow that for all ¢ > 0 we could find some M,
depending only on &, with

. h(n)-N°*
3 (n)

na

<

N,

n=M+1

Since for a sufficiently large s one can also suppose that

M s
N
> - () ]<5
n=N+1 n
one concludes that
M s oo
N h(n)- N*
s | 3 b (F) |+ X M <e

n=N+1 n=M+1

which is arbitrarily small. Thus in spite of everything h(N) = 0.

The second statement of the proposition is clear from the known rearrange-
ment theorem, given the assumption of absolute convergence. The simplest
way to derive the third is the following: on the one hand

f(p*)
.g:_() pve

is absolutely convergent for all prime numbers p and for Re(s) > og. If on the
other hand IN; denotes the set of all natural numbers, which only have prime
factors p < k, then limj_ o, IN); agrees with the union of all the IN, i.e. with
all of IN. The conclusion follows from

Hzf(l’")z Z f(n)
p<k v2>0 P n€EN, n?
by taking the limit as k£ — oo. O

With this the formal operations in connection with the introduction of
Dirichlet series are analytically justified. In particular we have

Proposition 16. The Maébius function u(n), which is only distinct from zero
for square-free n and in this case takes the value +1 depending on whether n
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has an even or odd number of distinct pnme factors, and the number theoretic

functions
T(m)=) 1,
m|n
which counts the divisors,
a(n) = E m,
m|n

which adds the divisors,
n
= Y 1= um
m<n:g.c.d.(m,n)=1 m|n
which counts the prime residue classes,
n
An)= ) u (;5) ,
m2|n

which determines by +1 whether the number of prime factors of n (due regard
being paid to their multiplicities) is even or odd,

Am) =Y u(m)log (=)
min

which for prime powers p* = n takes the value logp and is otherwise zero,
give rise to the Dirichlet series

Z H(n) C(ls) . Re(s)>1,

(in particular this shows that {(s) is never zero for Re(s) > 1),

>y, Res) > 1,

ni_o; %) (o)c(s-1), Re(s)>2,
g tpT(:) _ C(z(;)l), Re(s) > 2 |
g Afz’:) = Cc((i““‘)), Re(s)> 1,

g A —CCI((:)) Re(s) > 1 .

The holomorphic nature of the Dirichlet series to the right of the conver-
gence abscissa raises the question whether holomorphic functions, which can
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be represented to the right of the convergence abscissa by Dirichlet series,
admit holomorphic extensions to larger regions of the complex plane. Already
the relation

(1-2177)- C(S)

—1+2,+

z“

which holds for Re(s) > 1, while the right hand side involves a holomorphic
Dirichlet series for Re(s) > 0, raises the possibility of extending ((s) for
Re(s) > 0. We make this more rigorous in the following manner: on the one
hand one has the integral representation

1 11
3,+ ~2 (mtp et

)n—l

oo

C(s=n§% ;”n’
-y a2y o
- n=1 . n=1 (n+1)a

(n—a - (n + 1)-’ )

s/n-lp1 z™* " dg
=s- Z/ [z]z~*1dz
=s~/l [z]z=*'dz, Re(s)>1.

I
NE
S

S
)l
-

E'qg

3
|
-

On the other hand there is the integral closely related to the one above

oo a1 s 1
. . dr = =1 .
K] [ Tz z 1 +s—1

On the right hand side the difference
(@)= sg=1+e [ (el =y e
=1l-s- / {z} dz
1

xa+l

describes a function holomorphic for Re(s) > 0, so that analytic continuation

= penoe [T
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yields a function holomorphic for all s with Re(s) > 0 away from the pole at
s=1.

Proposition 17. Because of the integral formula

(s)=s- /1‘00 [z]z~*1dz

and its consequence

1 oo
C(s)—:_'_—1=1—s-/l z{:ﬁ-}ldm

the Riemann (-function

[e o]

(()=Y =, Re(s)>1,

n=1

can be analytically extended as a holomorphic function in Re(s) > 0 with the
exception of the simple pole at s = 1 with residue 1. 14

The fact that the analytic continuation of the Riemann zeta function can-
not be achieved without the price of a singularity on the convergence abscissa
of the Dirichlet series is based on a general theorem, which holds for all Dirich-
let series formed from positive number theoretic functions.

Proposition 18: Landau’s Theorem. If for all natural numbers n the
number theoretic function f(n) takes only non-negative real values, and if

the Dirichlet series -
n
Feo=Y {2

n=1

formed from it has the finite convergence abscissa g, then the function F(s)
holomorphic in Re(s) > og cannot be analytically continued past Re(s) = og
to a region enclosing the point s = oy.

Proof. For 0 = 0¢ + 1 because F(s) is holomorphic one has

k=0
= (1) & f(n)logFn
=Z(k1') Zf( )rivg ( %
k=0 n=1
_S R =9 fm)loghn
;;,;1 k! ne

If F(s) were analytically continuable past Re(s) = o9, the radius of conver-
gence of the power series would have to exceed ¢ — oy = 1. Hence the series
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would have to converge for some real s < o9, and because of the positivity of

all summands this convergence would be absolute. Because of the permitted
rearrangement of the members

R Eio) (G —s)logn)

n= k=0
— i f(n) . e(d—-a)logn
ne
n=1
-y {0
n=1 n’

and the convergence of the last series, it would follow that oy would not be
the convergence abscissa of F(s).

Abel transformation shows that not only the Riemann ¢-function, but also
other Dirichlet series possess integral representations. From

Z f(n) —-g(z) - / 9(t) - t,+1

n<z

with
9(z) =) f(n)

n<z

it follows that for a sufficiently large real part of s (chosen to ensure that
g(z)/z* tends to zero as z — oo and the convergence of the integral)

f: fn) _ 8- /100 g(z)z™*"ldz

with
9(z)=>_ f(n) .

n<z

For example, if the i-function is defined by

$a)=Y Am)= Y logp

n<z pw21:p* <z

and one considers the trivial inequality ¢(z) < zlog z, then a consequence of
representation as an integral as above is

Proposition 19. For all s with Re(s) > 1 one has the integral representation

C(S —-8—1
ok / P(a)e~*"Ndz

where Y(z) adds the values of A(n) for alln < z.
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Exercises on Chapter 4

1.

* 3.

10.

Let Z denote the set of all complex-valued number theoretic functions. For
f,9 € Z and n € N put (f + g)(n) = f(n) + g(n) and f * g(n) =
Zdln f(d)g (%) Show that (Z,+,*) is an integral domain.

. (i)  Show that the unitgroup Z* of Z equals {f € Z : f(1) # 0}.

(ii) For each prime number p let

om={ nZP

Show that g, is a prime element in Z.

Let & C IR® be measurable, and suppose either that |RNZ"| < 0o or A(K) <
0o. For g € Z" define Qg := {r e R*:0 < z; — gi < 1for 1 <i < n}. Show

that
RNz -xRI< Y, 1.
geZ" ,QyNIRH#D

. For n € IN let V, be the volume of the unit ball in IR®. Show that as R — oo

Y 1=RVa+O(R).

sezn
93+ 4ol <R?

. For n € N let

n-1

‘Pn(w) — H (1,' _ e2ﬂ’k/n)

k=0
gecd(k,n)=1

be the nth cyclotomic polynomial. Show that ¢a(z) = Hdln (a:"/d - 1) ) e
Z[z).

. Show that as n — oo E:f__ny%gl:;g:_‘_o(l_o'ﬁg)'
. Forn>1let

n

1
An = Z k+n’

k=1
ged(k,n)=1

Show that An = £ 3, e, an (3).

. Show that as n - 00 An = ﬂnﬂllog2+0(ﬂ;’ﬂ).

. For n > 1 write

n n 1
B2 2 mErn
k+>n, ged(k,l)=1

Show that Sa =202 ., %4
Show that as n — oo S = 12982 4 O (l—"n%ﬁ) (Lehner and Newman, 1968).
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11.

4.

Show that for Re(s) =1 3 >°

Number Theoretic Functions

n=? di
el diverges.

12. Show that the Dirichlet series ) - (—1)"n~* has infinitely many zeros on
the line Re(s) = 1.

13.

14.

15.

16.

18.

(i)  The power series » - -’;l: = —log(1 — z) converges compactly in
{zeC:|z| <1,z #1}.

(i) ForallzeR,z¢Z,y 2 seirnz - _g({z} —1/2).

(iii) For all N € N and all z € R, |Zn=1 %‘-‘-' < 2.

Show: ’ s

(i) For all z € C the power series » . B—';(!ﬂz" = Z— converges for
|z] < 2.

(i) Forn >0, Ba(z)is a polynomial, Ba(z) = Y, _, (:)Bk(ﬂ)m"_k. Bn(z)
is called the nth Bernoulli polynomialand B, := Bn(0) the nth Bernoulli
number.

(iif) For n odd, n > 1, B, =0.

(iv) Forn>0,n # 1, Bs(1) = Bs. We have Bo(z) =1, Bi(z) =z — 3.

(v) Forn>1, Zk_o( )Bk—O

(i) Forn>0, B, €q.

(ii) For n > 1, By(z) = nBn_1(x).

Show that for m € IN and all a,b € R

[ Brttedde = e (B () - B ((a)

and from this deduce that, for m > 2, z — B,,({z}) is (m—2)fold continuously
differentiable.

17. Let m > 2,or m =1 and = ¢ Z. Show:

(@)

(ii)
(iii)
(iv)

m! —-m _2xik
Bn({2}) = —ghim Liex k™me™.
o B oo
For m even Bn({z}) = m_((%))m?_ DI )

For m 0dd Bn({z}) = 2GR (§~e0  singzks

(2m)m
2m
((2m) = (~1)"+ 222 B,

Let f : [a,b] — C be q times differentiable, f: If“)(m)| dz < oo. Show that for
1<m<gq

a<n<b

S fm)= / f(z)da

~ Bi({a})f*V(a))

m+41 b
G ) M / Bon({2})f™ (2)do -

(Euler-McLaurin sum formula)



19.

* 20.
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Let a,b € Z, f : [a,b] — C ¢ times differentiable, j;b |f(q)(z)| dz < co. Show
that for 1 <m < ¢:

b m
iy = [ fyn+ 3 C B, (440w f4-D(a)
k!

a k=1

a<n<b

’m 1 b
+ EI [ bnapr™ e

For w > 0 and Re(s) > 1 define
(o) =) (ntw)™ .
n=0

The map s — ((s,w) is called the Hurwitz zeta function. Show that it can
be meromorphically continued on all of C. It has a pole only at s = 1, which
is simple, and whose residue equals 1. In particular the same holds for the
Riemann zeta function.

Hints for the Exercises on Chapter 4

20.

PutA={geZ":QyC AL AU ={geZ":QygnIRK # 0}. Show that

[A] < A(R), || < |RNZ"| and that from RN Qg # 0 and g ¢ A it follows
that Qg N8R # 0. Therefore |[R N Z"| < |A| + || and A(R) < || + |A'].

. Show that S, — Sn—1 = —2n"2A, and that limn—c Sn = 0.
17.

Induction on m. Apply (16), (13ii) and (13iii). In order to determine the con-
stant of integration, integrate a second time.

Apply (19) with m large to the function f:[0,00) — C, f(z) = (z +w)™".



5. The Prime Number Theorem

Whereas in the previous chapter we presented asymptotic calculations for
several number theoretic functions, in this chapter we consider essentially
the asymptotic description of a single number theoretic function, namely the
function m(n), which counts all prime numbers !5 between 1 and n, or extended

to IR:
n(z) = Z 1.

p<z
It is well-known that Euclid showed
zlirrgo 7(z) = oo

in that he proved that there exist infinitely many prime numbers. If there were
only finitely many prime numbers 2,3, ..., P, then one of them would have to
divide
2:3-5-...-P—-1
which is clearly false. If one orders the prime numbers p; = 2, p; =
3,...,Dn,... according to size, then one sees from Euclid’s proof that
pn <20,

since there must exist some p,, with m > n dividing the number p;p; ... p,—1,
and not exceeding it in size. It follows by induction that

Pay1 <22 .22 02"
= 92°+2'+..+2"7! <92
as asserted. If for some z > 2 n denotes the largest natural number with
22" <z,

then

1 log z
>n > .
m(z)>n>1+ [log2 log (log2)] ,

where the right-hand side increases at least proportionately to loglog z. Hence
Euclid implicitly proved that

n(z) > c-loglogz, ¢>0 .
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This result is a long way from the observed growth rate of n(z). Using a
method of Erdés Dressler argued in a more subtle way: since each square-free
integer n < z can only be divided by p,,...,px with K = n(z), and since n

can be written uniquely as
n(z)

—_ Uk
n= ]I »
k=1

where vy takes only the values 0 or 1, there are at most 27(*) square-free
integers n < z available. We know that the density of the square-free integers
tends to 6/72, i.e. the number of square-free numbers n < z grows asymptoti-
cally as 6z/72. This means that for some positive constant ¢; < 6/72 ‘

¢z < 97(z)
for sufficiently large z. Hence
n(z) > c-logzx

for some ¢ > 0.

But neither does this result describe the asymptotic growth of 7(z). Nu-
merical considerations come closer to the goal: in the following table we let
the values for « be increasing powers of ten, and next to the value for n(z)
we enter the quantity of z/n(z):

z w(z) z/n(z)

10 4 2.5
102 25 4.0
103 168 6.0
10* 1229 8.1
108 9 592 10.4
108 78 498 12.7
107 664 579 15.0
108 5 761 455 17.4
10° 50 847 534 19.7
1010 455 052 511 22.0

If z is multiplied by 10, the value of z/7(z) in the table increases approxi-
mately by 2.3 ~ log10; for this reason Legendre and Gauss conjectured the
asymptotic growth z/n(z) ~ logz, i.e. 7(z) ~ z/logz. The truth of this as-
sertion is the content of the prime number theorem. If the integral logarithm
is defined as the Cauchy principal value integral

<
0 lOgt

1-¢ z dt
- ([ ) e
=0 \Jo 14¢/ logt

then by de I’'Hopital’s rule,

iz=
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1
. li z . 105 T
L R il N G Ui
logz logz log’z

we obtain the asymptotic equation

z
log z

~liz.

Hence n(z) ~ li  can also be called the prime number theorem. Gauss conjec-
tured that li(z) describes 7(z) even better than z/logz, and the table below
seems to justify this:

T w(z) iz z/logz
108 168 177. ... 144. ...
104 1229 1246. ... 1085. ...
10° 9 592 9 629. ... 8 685. ...
108 78 498 78 627. ... 72 382. ...
107 664 579 664 918. ... 620 420. ...
108 5 761 455 5 762 209. ... 5 428 681. ...
10° 50 847 534 50 849 234. ... 48 254 942. ...
1010 455 052 511 455 055 614. ... 434 294 481. ...

However in this book we aim only towards proving that 7(z) ~ z/logz ~ li z,
and neglect more delicate remainder term estimates. 1 Chebyshev almost
arrived at the statement of the prime number theorem in the following result:

Theorem 1: Chebyshev’s Theorem. There ezist two positive constants ¢;
and cz, so that for sufficiently large z we have

<m(z)<eo-

(5]

‘logz logz °

Proof. Here for the first time one sees the importance of the Mangoldt function,

since the proof rests on the following technical result:

Lemma 1. The following estimates hold for the Mangoldt function:

Z A(n) [-f—l] =zlogz —z + O(logz) ,

n<z

Z A(n) ([—E] -2 [2—::1]) =zlog2+ O(logx) .

n<lz



5. The Prime Number Theorem 109

Proof of the lemma. It follows from the definition of the Mangoldt function

that
Zlogn: EZA(m)
n<z n<z min
=Y Am) ) 1.
m<z n<z:m|n

Since the inner sum counts the multiples n of m with n < z, it equals [z/m)],
so that from the Euler sum formula we obtain

Z A(n) [-;—] = Z logn

n<lz n<z
=/ logtdt + O(log z)
1
=zlogz — z + O(log z)

which yields the first estimate. The second is a consequence of the first, because
in
T T
> 4o ([7]-2[5])
=3 am 7] -2 ¥ am (5]

n<z n<z/2

¥ 3]

z/2<n<z

the final sum equals zero, and from the equations above

) +O(log )

T xr

=xlogx—x—2(§log2 2

=zlog2+ O(logz) .

Continuation of the proof of Theorem 1. Since in general

a a

[a]—2[§] <a—2<§—1) =2
and the left-hand side is integral, one has
a
—212 <1

] -2[3] <1

Therefore from the second formula of Lemma 1

zlog2+ O(logz) = Y A(n) ([Z] -2 [5])

n<z
log =
ORI
n<z p<z logp

<logz - z 1=n(z)logz ,
p<z
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which after division by log z implies the left-hand inequality in Chebyshev’s
theorem. In order to verify the right-hand inequality one proceeds analogously,
starting from the general estimate

a a
[a]—2[§] >a-1-20=-1.
Because the left-hand side is again integral this can be sharpened to
[a] - [ ] >0,

and now one seeks to bring the second inequality of Lemma 1 into play. This
turns out to be somewhat more complicated than before — the calculation
leading to the goal reads

n(z)logz — 7 (g) log 5
(7r ( )) + m(z)log 2
(7r(m) -7 ( )) + O(z)

= log

z.
2
=log=.

0]

I

logp+z
z/2<p<z

O( A(n) - (1—0)+z)
z/2<n<z

s ([ -2 3) <)
~o(g o ()23 ++)

n<z

]

0]

z/2nz

=0(z) .
Since more generally this gives the estimate
z z T
 (5) e 32 = 7 (557 los 3o =0 (5%) -
for K with 2K < z < 2K+1 we obtain

n(z)logz

K
= z (7r (2—3';) log-éx; -7 (%%) log Ekxﬁ)
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After division by log z this leads to the right-hand inequality in Chebyshev’s
theorem. O

Chebyshev tried a further attempt to force the at that time unproved
prime number theorem, and introduced the following equivalence.

Proposition 1. The statement

m(e) ~ logz
18 equivalent to
P(z) ~z
where
Y(z)=) An)= Y > logp
n<z pu>lipv<z

denotes the y-function (introduced by Chebyshev).

Proof. On the one hand by definition

< 1ogx-z 1=n(z)logz .
p<z

On the other hand for any y in 1 < y < z, we have

(@) =n(y)+ 3 1

y<p<z

logp
ST+ Y er
y<p<z ey

y_, %)

=62

logy ' logy
from which the inequality

7r(:I:)‘logx <o .yloga:+¢(x).loga:
z = zlogy z logy

follows. In the special case of y = z/log z, this implies
log = c2
z " logz —loglogz

¥(z) . 1
z 1—(loglogz)/logz

m(z)

+

Taken together the two inequalities show that the statements
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lim =n(z)- logz _ 1,
z—00 X
im 42
Z—00 X
are equivalent, as claimed by Chebyshev in Proposition 1. O

After the fruitless efforts of Chebyshev to find a proof of the prime number
theorem in the years 1848 and 1850, Mertens in 1874 produced asymptotic
calculations for means of functions of prime numbers.

Theorem 2: Mertens’ Theorem. If the variable p runs through all prime
numbers, the following asymptotic approzimations hold:

Zbg” log z + O(1),
p<z P

1 1
Z ;)- = loglogz +c+ O (loga:)

p<z

Here ¢ denotes a constant, and

(-5)= e (40 ()

r<z

with another constant c'.

Proof. Because of Lemma 1 we have

zlogz — z + O(log z)

-5 0[]

n<lz

Z[ ]logp+ DD [;’”—]mgp

r<z p<VT v22:p¥<z

z{%}logpw(z ) zp—vlogp)

r<z p<z p<7 2<v<log z/log p
logp = logn
=z Z +0 Z logp | + O Z T-—
p<lz p<z n=1 n
_ logp z X logn
=z ; +0(logx ¢ logx)+0<:z:-n=l 2

=z 282 l°gp +0(z) ,

p<z
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and on division by z we obtain the first formula. The second formula is derived
from the first by Abel transformation

1_§logp 1
ZP—Z p logp

p<z p<z
1 logp / Zlogp dt
logz p<z p t-log’t
1 T odt e logp dt
=1+0(—)+/ +/ — —logt .
log z o tlogt ~ J, g P & t-logt
Since
wit) =Y 22 gp log t
p<t

is bounded, the integral

*° dt
t
/2 v )t-log2t

converges, and furthermore we have

T odt
/; Tlog? = loglogz — loglog2 .

Therefore

dt )
2¢

Z 1 = loglogz + (1 —loglog2+/ w(t)
p 2 t-lO

r<z
o dt
+0 (log * -/:: 2 t)

If finally we define the constant ¢" by
[o o]
1 1
"o_ 2 1
Cc Z n ; n )

then we obtain the third formula from the second by means of the calculation

(IL(0-3)) -5

p<z

completing the proof.

)
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<z n>2 p<z
1 1
== --"+0(> -> —
<z nzznp>zp
1 1
== -¢"+0| > -> =
p<z nZ?nm>zm
1, 1 1
I P N
P (n22 n (n—1)z"

However, even these calculations of Mertens did not lead him to a proof of
the prime number theorem. Even though the elementary methods of Cheby-
shev and Mertens were rich in tricks, they were not powerful enough for the
asymptotic calculation of 7(z).

The door to the prime number theorem was opened not by Euclid’s but by
Euler’s proof of the infinity of the set of all primes. If there were only finitely

many prime numbers,
1
((s) = H i

p 1—

could not diverge for s = 1. Here Riemann joined in with the study of the
(-function named after him, and in 1896 with the help of techniques from
complex variable theory Hadamard and de la Vallée Poussin were fortunate
enough to find the first, very complicated, demonstration of the prime number
theorem. Since then the methods of proof have become more and more refined;
above all simplification has come through a theorem of Ikehara and Wiener
from harmonic analysis. Although Wiener’s work from the year 1932 deals
with Tauberian theorems for Fourier integrals, i.e. is concerned with a rela-
tively difficult area of analysis far from number theory, for a long time people
were of the opinion that the proof of the prime number theorem via Ikehara’s
and Wiener’s Tauberian theorem would turn out to be the simplest.?’ This
conviction did not change, even though in 1947 and 1948 Selberg and Erdés
found an elementary proof of the prime number theorem, that is a proof using
only the simplest methods of real analysis, without recourse to complex vari-
able theory or harmonic analysis. As the price of limiting itself to elementary
analysis the proof of Selberg and Erdés demands manipulative skill of high
order, rich in tricks, together with a far from transparent thought process. In
1980 Newman found an elegant complex variable theoretic proof of a weaker
version of the Tauberian theorem of Wiener and Ikehara, and this version just
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suffices for the demonstration of the prime number theorem. In what follows
we shall describe this cornerstone of the prime number theorem discovered by
Newman, since in character it has great simplicity and clarity.

Basic for the following considerations is

Lemma 2: Tauberian Theorem of Ingham and Newman. Let F(t) be
a bounded complez valued function, defined for 0 <t < co and integrable over
every compact subset of the domain of definition. Let a holomorphic function
G(z) be defined in a region containing the closed half-plane Re(z) > 0, and
for all z in Re(2) > 0 let G agree with the Laplace transform of F(t), that is

G(z) = /000 F(t)e~*'dt, Re(z)>0 .

Then the improper integral

00

F(t)dt

converges.

Proof. Without loss of generality assume for all ¢ > 0 that |F(t)| < 1, and for
an arbitrary positive A write

A
G’,\(z)=/0 F(t)e*'dt .

G(2) is analytic for all complex z. The lemma is proved if we show that

A
lim G»(0) = lim / F(t)dt = G(0) .
A—00 A—o0 Jo

To this end Newman estimates the difference G(0) — G (0) and for this applies
complex integration. First of all, given the Cauchy integral formula, we have
the relation

6(0)-6x0) = 5 [ (G- AT

where v denotes a suitable, simple closed, positively oriented curve about the
origin. The estimates for £ = Re(z) > 0

6 - 6@ =| [ Foeal
A
< / ettt = L. g
A x
and for z = Re(2) < 0

A
IGA(2)] = /0 F(t)e~*dt

A 1
< / e—ztdt - . c—Az
0

|z
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lead to the relation

G(0) - GA(0) = 5 / (G(z) - Ga(2)) € - (l ; R—) dz

which is more suited to our purpose. Here the constant R is taken to be the
distance of the curve from the origin in the neighbourhood of the intersection
points of 4 with the imaginary axis, i.e. in the neighbourhood of z = 0. For
on the one hand by the Cauchy theorem this equation is just as valid as the
relation originally stated. On the other, given the additional factor e*#, both
estimates have the common bound e~*?/|z| removed. And by means of the
additional factor (1/2+2/R?), which agrees with 2z/R? in the neighbourhood
of the intersection points of 4 with the imaginary axis, one also removes the for
z awkward limit 1/|z| near the imaginary axis. The following calculations show
this more precisely. Choose some arbitrarily small ¢ > 0; let the curve v be
specially chosen so that for Re(z) > —§ it traces out the circle |z| = R = 3/¢
in a positive direction, and then connects the end-points on the circular arc

by the line Re(z) = —6.

Fig. 15. Path of integration v

It would indeed be better to choose 4 to be the positively oriented circle
|z] = R; however since G(z) is only holomorphic in a neighbourhood of each
point on the imaginary axis, ¥ cannot stray too far to the left. One must
choose § = 6(¢) so small that G(z) remains analytic on the compact circular
segment bounded by 7. If 74 denotes the part of 4 lying in Re(z) > 0, it
follows from

1/z 4 z/R* = 2z/R?

that
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CORNOT LT

Sl —Azkx.z_x_z
T

R2  R?’

7 [ =GN S+ ‘R—)d‘

2 1
F . 7rR = _R .
If 7— denotes the part of v lying in Re(z) < 0 then for the estimate of

5 / G’,\(z)e)“( +—) dz

one can deform it to the half-circle |z| = R lying in Re(z) < 0, given that
G(z) is holomorphic in the entire complex plane. Here, bearing in mind that
for Re(z) < 0 |Ga(z)| < (1/|z])e~>%, a similar calculation shows that

— / Gr(2)e™ (— Rz)dz

For the remaining integral

1 a1l 2
L oo (o)

we note from the holomorphic nature of G(z) (% + —E’;) on the path of y_,
that the boundedness of
o) (2 + %)

follows, with a constant K = K(R,§) = K(¢). Because

G(z)e ( + ﬁ)

on each part of 7 for which Re(z) = ¢ < —n < 0 (with some 7 < § yet to be
determined), it follows that the integrand tends uniformly to zero as A — oo.
In the remaining parts of y_ the integrand is bounded by K; n can be fixed
so small, that integration over these remaining parts of y— undershoots the
preassigned quantity £/3. With this, because of our arbitrary choice of ¢, it
follows from

<1,
- 2

1
B

<K

S KeA:L‘

iMoo ’53?; /7 (G(2) — Ga(2)) e (1 Rg) dz

1.1
R R

< +-=€

IR
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that the limiting value must equal zero, proving Lemma 2. o

Corollary 1: Simplified Version of the Theorem of Wiener and Ike-
hara. Let f(z) be a monotone non-decreasing function defined for z > 1 with
f(z) = O(z). In some region containing the closed half-plane Re(s) > 1 let
the function g(s) be defined, holomorphic ezcept for a simple pole at s = 1
with residue c. (This means that the map given by

9(s) —

is holomorphic in the region containing the closed half-plane Re(s) > 1.) Here
for all s with Re(s) > 1 g(s) coincides with the Mellin transform of f(z),
i.e.

c

s—1

o0
g(s) =s-/ f(z)z™*"'dz, Re(s)>1.
1
Then we have the asymptotic ezpression f(z) ~ cz.

Proof. If F(t) is defined by
Fit)=¢"" f(e') —c

we are concerned with a bounded function defined on 0 < ¢t < 0o and integrable
on each bounded subinterval of the domain of definition. Its Laplace transform

G(z) = /0  (emt(et) — ¢) e~*dt
= /l°° f(z)z™*"2dz - E

1 c
=771 (g(z-{-l)—;—c)
is well-defined in Re(z) > 0, and by assumption the right-hand side repre-
sents a holomorphic function in some region containing the closed half-plane
Re(z) > 0. Since by Lemma 2 for ¢t = log z the improper integral

'/000 (e“tf(et)—c)dtz/lwf—(—%_—gdx

converges, the conclusion that f(z) ~ ¢ - z follows very easily from the non-
decreasing monotonicity of f.

Indeed were im,_.o, f(z)/z > ¢, there would exist some positive 6, so
that for infinitely many, arbitrarily large y one would have f(y) > (c + 26)y.
Hence for all £ with

c+26

35 J@>(C+20)y>(c+é).

y<z<y-

Given that
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1]

v - v
/ f("’)_zczdz>/ ' .‘Zdz=5.1°g(c+26)
v T Y T c+6

and the fact that there exist infinitely many and arbitrarily Iarge y of this
kind, we obtain a contradiction. As a consequence

f(z)

mg oo ——

Furthermore were lim,_,., f(z)/z < c there would exist some positive §, so
that for infinitely many, arbitrarily large y, one would have f(y) < (¢ — 28)y
(with ¢ — 26 > 0). Hence for all z with

c—26 <z<

c— 6 z y 1)
it would follow that f(z) < (¢ — 26)y < (¢ — 6)z. In this way we derive the
analogous contradiction, with which Corollary 1 is proved. o

With Corollary 1 one achieves breakthrough to the proof of the prime
number theorem - by Proposition 1 we have only to show the equivalent
assertion that

P(z) ~ =z
and Proposition 19 of the previous chapter calculates the Mellin transform of
v e _, [~
S —-s—1
——t=g- P(z)z dr .
ORI

Because of Chebyshev’s theorem we have

1/)(:1:):2[ ]logp<logx 1

p<z <z

= n(z)logz = O(z) ,

and in addition ¥(z) is monotone non-decreasing. Hence by Corollary 1 we
have only to show that the function —(’(s)/{(s), holomorphic for Re(s) > 1,
is holomorphically extendable out past Re(s) = 1, s # 1. More precisely:

¢(s) __1
((s) s-1
can be considered as a holomorphic function in some region containing the

closed half-plane Re(s) > 1. For s = 1 there is no problem, since by Proposi-
tion 17 of the previous chapter

((s) = 25 (1+ h(s))

where the holomorphic function h(s) remains bounded in some suitable neigh-
bourhood of s = 1. More precisely we may require that |h(s)| < 1. The holo-
morphic nature of
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g6 1
¢(s) s-—1
in this neighbourhood of s = 1 follows from

e _ 1 ()
() s—1 1+4+h(s)

For all other points s with Re(s) = 1, because of the analytic continuability of
the Riemann (-function (even for Re(s) > 0), we have only now to clarify the
role of {(s) in the denominator. Put another way we must prove the following
statement:

Lemma 3. For Re(s) =1, s # 1, {(s) #0.

Proof. Already in 1898 Mertens found the following brilliant argument, which
applies the inequality

3+4+4cosp +cos2p =2(1+cosp): >0
for real . If with t #0  ¢(1 + it) were ever zero, then
O(s) = ((s)* - (s +it)* - {(s + 2it)

would also have to possess a zero for s = 1, since the four-fold zero of (s +:t)*
removes the three-fold pole of ((s)%. From this one has

lin} log |O(s)| = —o0
8=

and in particular for s = ¢ > 1, using the product representation of the
(-function

log [¢(o +it)| = —Re <Z log (1 - p""’"))

T )

I3
= Re (z a,.n_”_“)

with non-negative coefficients a,. This leads to the contradiction
log |©(c)| = Re (Z ann™ (3+4n" + n—zu)>
n=1

= Z ann~?(3 + 4 cos(tlogn) + cos(2tlogn)) >0 .

n=1
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Given this we have set aside all obstructions to applying Corollary 1, and the
goal is achieved.

Theorem 3: Prime Number Theorem If 7(z) counts the prime numbers
p < z, then one has n(z) ~ z/logz. 1

The method used in the proof of the prime number theorem applies also
to a larger class of Dirichlet series.

Corollary 2. Let f(z) denote a number theoretic function with non- negatwe

values and with
Y. f(n)=0(z) ,

n<z

and let the Dirichlet series formed from it
f(n
F( s) - Z ( )
be holomorphic for Re(s) > 1 in the sense that the map given by

F(s) -

for some fized constant c, is defined to be holomorphic in some region con-
taining the closed half-plane Re(s) > 1. Then

Zf(n)~c~a: .

n<z

s—l

Proof. Starting from the integral representation

F(s) = Z % =3 / (Z f(n)) 4z

n<z

at the end of the previous chapter, we see that F(s) plays the role of g(s) and
> n<z f(n) the role of f(z) in Corollary 1. 0

Corollary 3. Let f(n) and g(n) be two number theoretic functions, where
f(n) takes only non-negative values and the formulas

g(n) = O(f(n))

> fn) =

n<z

hold. If the Dirichlet series which they form

and



122 5. The Prime Number Theorem

Fo=Y {2

Gs)=Y_ i’-'(";‘l
n=1

are holomorphic for Re(s) > 1, in the sense that the maps given by

F(s) - ——, G(s)- 2

c
s—1 s—1

for specific constants ¢ and v are defined to be holomorphic in some region

containing the closed half-plane Re(s) > 1, then

Y gn)~v-z .

n<z

Proof. If K is chosen so large that for all n l9(n)] £ K f(n), then for the
real-valued g(n) one can apply Corollary 2 to the Dirichlet series formed by

the number theoretic function h(n) = K f(n) + g(n), denoted by

Hs)=) @ = KF(s)+ G(s) .

n=1
Hence
Y h)=K-)_ f(n)+ ) g(n)~ Kez + ) g(n)
n<z n<z n<z n<z
and

2 h(n) ~ Kcz + vz

n<z

which leads to the conclusion. If g(n) is complex-valued and G*(s) = G(3),

one carries out the calculation separately for

Gl(s) = %(G(S) + G'(s)) - Z Rﬁ(:fn))
and for _
Ga(s) = 2 (6 - G2(s)) = 3 2o

n=1

proceeding in the same way on this path to the conclusion.

(n]

Essentially Corollary 3 says that the assumption made in Corollary 2
that the number theoretic function be non-negative, can be set aside in the
case that the complex-valued number theoretic function under consideration
is dominated by a suitable non-negative number theoretic function. In the last
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chapter this generalisation will be unavoidable — here we give three examples
as a foretaste of its importance.

Corollary 4. For the Mobius function u(n) and the Liouville function A(n)
the following formulae hold, 182!

Y u(n) = ofz) ,
n<z

Y An)=o(z) .

n<z

Proof. In both these applications of Corollary 3 the associated Dirichlet series
G(s) = 1/{(s) and G(s) = ¢(2s)/({(s) are analytically continuable across
Re(s) = 1, without singularity, i.e. in Corollary 3 we can take v = 0. o

For a third example we examine more closely the Dirichlet series

o~ r(n)
Ge)=) el

n=1
which is formed from the number theoretic function r(n) counting the rep-
resentations of n as the sum of two squares. In Chapter 3 we explained how
r(n) can also be considered as the number of representations n = 7%, where
v = z + iy runs through the elements of the ring Z(i). This leads us to make
the following transformation of {;(s), namely

(.(3) z |7|20 Z

20 270 (77)' ’

where (;(s) now denotes the (-function for the number theory of the ring Z (i)
- analogous to the Riemann (-function
— 1
=Y =

Py n=1

for the ring Z of ordinary integers. v # 0 under the summation sign signifies
that 4 runs through all elements of Z(i) with the exception of 0. However in
¢i(s) only the magnitude of the element ¥ comes into play. In order to keep
track of the arguments of these complex numbers, for integers k Hecke defined
the following Dirichlet series

.-.(h 3) Z I Iz. hln.rg‘y .

¥#0

For h = 0 one clearly obtains =(0, s) = (i(s), and the transformation
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oo 1
S(h 8) = e4lh arg vy
) n®
n=1 " \|yl=n

which for Re(s) > 1 follows from the absolute convergence, i.e. the conver-
gence of (;(s), shows that we are indeed dealing with a Dirichlet series. The
convergence of (;(s) for Re(s) > 1 follows by applying Abel’s transformation
and Proposition 9 of the previous chapter

) Lo oo [ o
> e =50 -2)+ /zO(t Y0 1d

z<n<y
1
-0 ()

The argument function arg(y) in Z(h,s) is uniquely defined by the princi-
pal value —7 < arg(y) < w. The factor 4 in the exponent serves to sup-
press the role of associated elements, i.e. for each of the numbers 1,2, —1, —:
4 arg(e) = 0(mod 27) holds, i.e.

e4th argey _ e4th argy

Finally the function
f(')') = e4ih arg vy

is strongly multiplicative over Z(3), i.e. f(1172) = f(m)f(72)- If for a number
theoretic function f(+y) over Z(7) the relation f(y1v2) = f(71)f(72) only holds
if 41 and 42 have no prime factor in common, then f is said to be only
multiplicative. If in addition for each unit ¢ we have f(¢) = 1, then in the
region of absolute convergence of

Fs)=Y" #i(v)

7#0

we have the product representation

ro =+ T1 (3 22) |

v=0 3

where the index w runs through all prime elements of Z(z) with 0 < arg(w) <
/2.
The proof follows the lines of Proposition 15 in the previous chapter: on

the one hand -
5 {0
|w|2vs

v=0

is absolutely convergent, where F(s) is absolutely convergent. If on the other
hand Z (i) denotes the subset of all integral elements from Z(3), which only
have prime factors w = wy,ws, . ..,w; with |w|? < k, then limj_, o, Z;(3) agrees
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with the union of all the Z(z), i.e. with Z(¢) with 0 removed. Since there are
four units €, the conclusion follows from

o 1 Y 42

|w|2<k v=0
-y Yy L) |,
e v1=0 v,—O l ]
f()
PR
YEZ(3) '7|2

by taking the limit as k¥ — oo. If for the strongly multiplicative function

f("/) — e4ih arg vy

one applies the sum formula for the geometric series in the product represen-
tation, one obtains

E(h,s)=4- H 4|h"gw , Re(s)>1.
|w|2s
In particular
Ci(s) =4- H , Re(s)>1.
|w|2’
The path to a proof of an analogue of the prime number theorem in Z(7) is
now clearly signposted: for all ¥ we define A;(ew?) = log |w| and A;(y) = 0 for
all ¥ which cannot be decomposed as cw? with € a unit, w a prime element

and v a natural numerical exponent, analogously to the Mangoldt function.
The connection between it and

_Z'(h,3)
Z(h,s)

is easy to show, in particular this quotient will play an important part in the

Mellin transform of
vi(z)= Y, A7) .
[7I2<=

On the one hand the analytic continuability of =(h, s) and the fact that ='(h, s)
may be written in the denominator, i.e. that for Re(s) = 1, =(h, s) # 0, leads
to the application of Corollary 1 (resp. Corollary 3) and hence to the desired
result. Since the individual steps of the proof, in particular the one for the
analytic continuation of Z(h, s), are rather tedious, the sketch of the following
considerations ought to be of help.
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Lemma 4. For Re(s) > 1 and integers h one has

E'(hys) le= 1 ik
_2N) SN g (y)etibaer
Z(he) ~ 2 2 T )

Proof. Formally one obtains this result from the transformation below, using
the product representation of =(k, s):

Z'(h,s) _

S = — 5 (og 5(h )

d e«ﬁhugu
o= —z (log4— zw:]og (1 - W—))

_ Z 1 . c4t'h argw lOg 'w|2
4ih argw
o 1- <o |uw[2e
0 Z log |w| . etthargw oo ek arg(wV)
- -~ |w|2e & |w® |2
) ; m
log le . e4|h arg(w™)
=2 Z Z ™ 22
w m=1
1 o0 log Iewl . edik arg((ew)™)
ERR P P
— 1 1 4ih arg v
=3 z ez Ai(y)e .
~#0

One can however object to this line of argument, that writing =(h, s) in the
denominator and too freely handling the logarithm and its functional equation
are not justified. Accepting this one may proceed ad hoc with the following
correction of the difficulties. Because

log (1 — elihargw Iw|—2a) =0 (le—2Re(a))

e4ih argw
H(s) =log4 — zlog (1 - le;—)
w

converges uniformly in each compact subset inside the half-plane Re(s) > 1,
and thus represents a holomorphic function. Since the uniform convergence of
holomorphic functions f, in a compact subset to a limit function f implies
the uniform convergence of e/~ to e/ in the same compact subset, the formula

eH®) = =(h,s)
follows. Consequences are the non-vanishing of Z(hk, s) and the equation
H'(s)- Z(h,s) = Z'(h,s) ,
giving the conclusion of the lemma. 8]

the series
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In particular one has

_Gi(s) _ A7)
TGle) Z by -

For the analogue of the Chebyshev function (z) one defines
¥iz)= Y A7)

Iv?<s=

and by Abel transformation obtains

) ?,,f;'.) =— vi(z) - /l ’ab.-(t)-t-f%a

Iv?<sz
By definition
bilz)= Y. A7)
IvI* <=
[ logz o
I«'I’<t 2log|w|

=0 Z logz | =0 |logz- E 1] ;
w|2<z lwl*<z
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where the last sum describes the number of prime elements w not associated
to each other with |w|?> = w@ < z. Since by Proposition 7 from Chapter 3
these can only be the numbers 1 + ¢, w = p for prime numbers p = 3(mod 4),
and prime elements w with w@ = p = 1(mod 4), p prime, this number can only
increase according to the magnitude of the number of prime numbers smaller

than or equal to z. Hence it follows from Chebyshev’s theorem that
$i(z) = O(z) ,

so that in the formula obtained by Abel transformation passage to the limit

z — oo may be carried out for Re(s) > 1.

Lemma 5. For all s with Re(s) > 1 one has the integral representation

LGS s [ ey,
C‘(s) [ ¢t( ) ld

where ;(z) adds the values of A;(7) for all |y|* < z.

This lemma is in the analogue of Proposition 19 in the previous chapter.
For the analytic continuability of =(k, s) it is important to know that the

estimate
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Z elihargy _ 0(\/;)
1<[y)? <z

where the integer h is different from zero. This rests on the following consid-
eration: since only the sum over non-associated elements is of interest, one

has . . iy
Z etihargy — 4. Z Z etit arg(a+ib) ,
1<]4]?<z a>0 5>0:a2+b2<z
and since arg(a + ib) = /2 — arg(b + ia) holds, the sum simplifies to

§ : e4lha.rg-y

1<% <Lz

=8 Z Z cos(4h arg(a + ib)) + O(v/x)

a>0 b>a:a2+b2<z

=8 Y > cos (4harctan—:-) +0(Vz) .

0<a<y/z/2 a<b<Vz—a
Apply the Euler formula

=8. Z (/ o cos (4h arctan %) dy
z/2 ¢

1<a<

R
roie [T ) sowm

p 1+4
The order of magnitude of the last integral is

Vz —a?
a

arctan —arctanl = O(1) ,
and hence
Z e4l'h arg vy
1<]v|?Lz
=8. Z / o cos (4h arctan 2) dy + O(Vx) .
a

1<a<+/z/2

Apply the Euler sum formula once again

Vz/2 V=t y
=8 / / cos (4h arctan —) dy dt
1 t t

d z—t2 y
— /t cos (4h arctan —t-) dy

I

1

)

+0<ﬁ+
+0(Vz) .
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Because
d Vz—tZ y
% /t cos (4h arctan ?) dy
1 /W-" 4hsin (4harctan ¥) d
=7 )
2 J 1+ ’t‘;
)
- \/a:t——tzcos <4harctan a:t t ) —coshr
_o /\/z_——tf . dy s "
AR Y
T
=0 (log 5+ 1)
and

1 V=t y
/ / cos (4h arctan —) dy dt = O(\/z)
o Jt t

one finally obtains

Z e4zh arg vy

1<y <Lz

N :
=8 / / cos (4h arctan }ti) dydt + O(V/z) .
0 t
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Introducing polar coordinates t = rcosp, y =rsing, 0 <r <z, 7/4 < <

w/2:

vz w2
=8 / / cos(4hy)dp r dr + O(V/z)
0 w/4

=0(Vz) ,

since the integral vanishes for h # 0. In this way one obtains the given esti-

mate. Furthermore in discussing the convergence of

1 N
Jm y 2 S =

the following application of Abel transformation is important:
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i (nl' (n+1)a) (Z f(m)-nc)

n=1 m=1

f:: = ((Z f(m)—rw) - (f f(m)—(n—l)c))

m=1 m=1

(N+1)’ (Zlf(m) Nc) .0

= Z = (fm) - c)+(N+1).

et o
(N+1)'mX=:lf(m)
—(N+1)1-0.N_1:_1.%§f(n)
N N
="§ ff:)_c ,;711:
F (c—%g f(n)) (N +1)1-
=g ff:)_c,gniw(mﬂ)l o)

Since for Re(s) > 1 (N 4 1)!~Re(®) tends to zero as N — oo, and also

N

Z(ni ) (Z f(m)—nc)
S [ (e 25 )|

n=1 m=1

< E s| - n1"Relp . 0(1)
n=1

o)

n=1

has a convergent majorising series, for Re(s) > 1 one obtains the following
important formula
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- I8 e g

n=1
£ i) ()

n=1 m=1

Lemma 6. For integral h # 0 Z(h,s) can be analytically continued on the
half-plane of all s with Re(s) > 1. In the same way the function

T

Gi(s) - s—1

can be analytically continued on Re(s) > 1/2 in the sense that (i(s) is a
holomorphic function on Re(s) > 1/2 away from a simple pole at s =1 with
residue .

Proof. Since for h # 0 the relation
1 N
o= fim,§ 2, S =0

holds for
f(n) — 2 edihargy
hi*=n

it follows from the formula above that
(1 1
Z(h,s) = Z (— - ————) Z etihargy
n=1 n? (n + 1)’ 1<72<n

Since the expression

N
=0 (Isl Z n—1/2—Re(a))

n=M

converges uniformly to zero as M — oo in each compact subset of the half-
plane Re(s) > 1/2, we have already shown the analytic continuability of
Z(h, s). Similarly the formula above helps with
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Gle)=) rin)

ns
n=1

n

cr )+ (n, (n—;:v) (Z r(m)—mr) ,

n=1 m=1

because, given the conclusion of Proposition 9 in the previous chapter, we may
put ¢ = 7 and observe that

Z r(m) —nw = O(v/n) .

m=1

Lemma 7. For all integers h  =(h,s) # 0 holds on the line Re(s) = 1.

Proof. This is obvious in the case h = 0, s = 1, because here a pole occurs.
For the other cases we can use a modified version of Mertens’ technique from
Lemma 3. If =(s, 1 + it) were equal to zero, then

O(s) = (i(s)® - E(h, s +it)* - Z(2h, s + 2it)
also possesses a zero for s = 1, which would imply
lim log 6(s)| = —co
In particular for s = o > 1, we have the product representation

log |Z(h,0 + it)|
=log4 — Zlog

—log4 + z Z cosn(4hargw — 2tlog |w|)

n,w|2no'

4zh arg w

l l20+2:t

w n=l1
which leads to the contradiction
log |O(s)| = 8log 4
3 + 4 cosn(4hargw — 2tlog |w|) + cosn(8hargw — 4t log |w|)
533

n|w|2na

w n=1

>0.

Now we have reached our goal: ¥;(z) is a monotone non-decreasing func-
tion, defined for z > 1, with %;(z) = O(z). Hence the function defined by

it
C'(S) =g- iz x—s——l T
-5 /l Yi(a)e—1d

is holomorphic in Re(s) > 1, and
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_Gi(s) 1
G(s) s-1

can be regarded as a holomorphic map, defined in some region containing the
closed half-plane Re(s) > 1. Therefore Corollary 1 implies

Proposition 2. We have the asymptotic representation

Yi(e)= Y, A(n)~2 .

|72<z

Moreover, since for h # 0
e BT A(y) = O(A())

the Dirichlet series

=(hs) 1 1 iin
= ) - __A7e:argy
2o 22 R A0

is holomorphic for Re(s) > 1 and at s = 1 can be regarded as a holomorphic
map without singularity in some region which contains the closed half-plane
Re(s) > 1, Corollary 3 implies

Proposition 3. For integers h # 0
Y B TA(y) = ofe)
7<=z
holds.

These conclusions do not yet appear to be powerful. With their help it is
nonetheless possible to calculate

Z e4nh argw

lwl?<z

and to show that, either for A = 0 the sum asymptotically agrees with z/ log z,
or that for h # 0 it has order of magnitude equal to o(z/logz). Indeed the

estimate ) .
Z Z etihargw IOg le

k22 |w|?*<z

=O<logx.z ) 1)

k>2 |w|2<z1/*

N
=0|logz- Z
( 2<k<log z/ log 2 log\/;
=0 (Vzlogz)
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leads to
4. Z c“‘"'“'log l“’l

lwi*<s
a0

=4 ¥ " logh + O(vElogz)

k=1 ju[?<s

= ) *7U(7) + O(Vzloge)

lv*<=
2z +o(z),h =0,
" lo=z),h#0.
By Abel transformation
cﬁh argw
lwi*<z
= z elihargw log |w|2 .
28wl <

1

" logz

1
log jw]?

Z etk argWlog lez
2<jul? <z

‘ ; —dt
/ Z log|w|2-e""“3“’- T
2 aqjulr<t o8

— 2 . 4ih arg w /: dt
T z e loglw[+0( , Tog?t

( z z z _
log:c+0 log z +0 log’z /)’ h=0
z z
tO(Ing)"‘o(logzz): h#o
=-—£—-—+0( z ), h=0,
og = log =

T
{ _o(logz)’ h#0

giving the assertion. The consequence of all this is the generalisation of the
prime number theorem to the ring Z():

Theorem 4: Hecke’s Prime Number Theorem for Z (). If 7i(z) counts
the non-associated prime elements w with |w|? < z, then
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If for 0 < a < B < 27 7i(z;a,B) counts the prime elements ¢ of Z(i) lying
in the corner region a < argy < B with |¢|* < z, then

m(zia,0) ~ (8 - ) =

Proof. On the one hand for A = 0 the formula above gives
z z
xi(z) = z l=o—+4o0 —) .
o es logz logz

On the other hand for h # 0, because

lim log't . Z: eh’hngw

z—00 I

wi*<z
- 1 2xik(2/xargw) _
zle - (1_) Z e 0

lwi2<z

satisfies Weyl’s criterion from uniform distribution theory, for each Riemann
integrable function f(y) it follows that

tim 1. 182. $™ flargy)

smd |7 <z
2%

=5 [ fore.

The factor 1 takes care of the fact that 1) does not only run over prime elements

w, but also over all their associates. By setting f equal to the characteristic
function for [a, B, the second assertion of the theorem follows. o

Exercises on Chapter 5

1. Let p, be the nth prime number. Show that lims— =1.

ko
nlogn

2. Show that for 0 < s < 1, {(s) < 0.

* 3. Show that the estimate n(z) = 2, + O (log ’) is false.

*4. () He=limsmoologz-[] ., (1-2), then lim,_ ., % loglogn < c.
(ii) m,._.oo'ﬁﬁ%(nﬁ loglogn > log 2.
5. Forn>1let P(n)=]] »n (l - %) Show that limp—co P(n) = 1.
p>logn

6. Let ¢ = lims—woo log z - H'Q (l - %) (Mertens’ theorem!). Show that



136

* 10.

11.

12.

13.

14.

15.

16.

17.

5. The Prime Number Theorem

lim ﬂn"ﬁ loglogn =c¢ .

—T} = 00

[One can show that ¢ = ¢© where C is Euler’s constant.]

.Forn>2let f(n)>1,n= Hr p*?(™) be the prime factor decomposition of

n, and P(n) = szf(n)(l + ay(n)). Show that log P(n) < log2 - io'—:%.

. Forn > 2, let f(n) = I—";‘-"— n= Hp p*?(™) be the prime factor decomposi-

tion of n, and Q(n) = cﬁplzz;:n’) (1 + ap(n)). Show that log Q(n) = O(f(n)) as

n — oo. .

. Show that Timp oo 2E7™) . Joglog n = log 2.

logn
Let f : R — C be differentiable, [ |f'(z)ldz < oo and suppose that
fn f(z)dz exists (i.e. Kll_{nw f:’ f(z)dz exists). Show that

L——o00
Z f(n)= Z f(z)e?™*de .
nez kez VR

(Poisson sum formula)

Let z € C. Show that fm e~ HmITI g, e"”z.

Let @ : (0,00) — IR, O(z) = Znel e~™’%. @ is called a Theta function.
Show that, for z > 0, O(z) = 71;@ (2).

Let ¥:(0,00) = R, ¥(2) = 3(O(z) - 1) =Y o7, e~™’%_ Prove:

i) =z~ fl°° V(x)z*dr is an entire function.

(ii) For Re(s) > 1,

r (%) 7% (s) = /°° W(m)x’/zdf .

0

Show that for Re(s) > 1

dz dr 1
s/2 8/2 (1-2)/2) &2 .
/0 VU(z)x - = ‘/1 ¥(z) (a: +z ) - + =1

ForseCleté(s)=1T (%) 7~*/2¢(s). Show that £(s) = £(1 — s). (Functional

equation of the Riemann zeta function)

(i) ForallneIN ((-2n)=0.
(i)  ¢(0) = —1;if {(s) = 0, then either 0 < Re s < 1 or s = —2n for some
neNN

(iii) If C(s) = 0, then ¢(3) = 0 also.

For n > 1 let (n) be the number of solutions of p(m) = n. Show that r(n) is
finite, and that for Re s > 1,

1 r(n 1 d —s
; i’)=H(1+(p,_l)(1_p_%),)=§¢(n) :

4




* 18.

*19.

* 20.

Exercises on Chapter 5 137

For Re(s) > 1let f(s) = Y2 () Show that f can be meromorphically
n=1

ne

continued on the region {s € C : Re(s) > 0}, and that f has a simple pole at
s =1 with residue [], (1 + ﬁ).

Show that limy—es & T, #(n) = IT, (1 + 557

Show that (log pn)n>1 is not uniformly distributed mod 1.

Hints for the Exercises on Chapter 5

10.

18.

19.
20.

Find a contradiction to Mertens’ theorem.
If p is the kth prime number, consider ny = p ... pk.

Show first that lim|z|—co f(z) = 0. Then apply the Euler sum formula to-
gether with

1 _ 1 1 2xikz
(B-3=-gm 2% '
k#0

For Re(s) > 1 consider ‘f(l(-:-}
Apply the Tauberian theorem of Wiener and Ikehara.
Show with the help of the prime number theorem that

N
[
2 T
N (2xilogz

Apply partial integration in the integral f2 —lzg-z—d:c, and finally show that

§ : e21rilogp

p<N

dz = o(m(N)) .

z
(=) - log =

1
lim ——— = —_— .
Neo w(N) V1+4n?




6. Characters of Groups of Residues

The congruences introduced by Gauss in his “Disquitiones Arithmeticae”
endowed the set Z of all integers with an infinite multiplicity of finite abelian
groups, the prime groups of residues modulo a coprime integer. Whereas the
investigations of the two previous chapters have been valid for asymptotic cal-
culations for number theoretic functions over Z, in this chapter of our book
we will present asymptotic calculations, which hold for number theoretic func-
tions over groups of residues. The character of a group of residues makes its
appearance as the central concept for such investigations. What do we under-
stand by this?

It is well-known that a set G of elements g,¢',... is called a group, if
a multiplication is defined, which uniquely associates to each pair ¢', g" of
elements from G an element ¢ = g'g"”. This satisfies the associativity law
g'(9"g"") = (¢'g")g"', possesses an identity element go (usually denoted by
go = 1) lying in G with g = gog = ggo for all g in the set, and for each g from
G there exists an inverse element ¢~! lying in G with g7'g = g¢g~! = go. The
group G is called abelian or commutative, if the commutivity law ¢'¢" = ¢"¢’
always holds, and it is called finite, if it contains only finitely many elements.
The number of elements lying in G is called its order |G|. In what follows only
finite abelian groups are of interest.

If g is an element of the group, the set of all powers g* with h from Z
(where g° is the identity element) also forms a group, which is either identical
with G, or forms a proper subgroup of G. Because of the finiteness of G not
all g* can be distinct from each other; from g* = g* with h < k it follows that
g¥~* = ¢°, where k — h is a natural number. The smallest natural number n
with g" = ¢° is called the order of the element g, and agrees with the order of
the group of elements ¢°, g*, ¢%,...,g" ! generated by g. If all of G is obtained
in this way, G is called a cyclic group, and ¢ is a generating element of the
cyclic group G.

In general a finite abelian group does not need to be cyclic. Nonetheless
one can unravel its structure by means of successive powers of elements. If
G' is a proper subgroup of G and if g denotes a group element not lying in
G', then - since some power of g equals the identity element lying in G' -
there must exist an exponent n, with the property that g™ lies in G'. The
smallest exponent with this property is called the indicator of g; denote it by
h = g: G'. One sees easily that the set of all ¢'¢* with ¢’ € G’ and 0 < k < h
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also forms a subgroup G" of G with G" = h|G’|. Firstly for each two elements
g,g* and ¢3¢’ we have the relation

'oEY (a'ad) = (a' a' Yo%t = g'a”
b
(919%) (929°) = (9192) 9 g'y

where r is the smallest non-negative residue of k+ j modulo k, k+j = hg+r,
0 <r < h,and ¢' = gi9p (g")q is an element of G. Secondly for k¥ = 0
the inverse element for ¢'g* equals ¢'~'¢* and for 0 < k < h (g}) "' g*~*
with g} = g'g*. This already shows that G" is a group. If ¢’ runs through
all elements of G’ and k through all integers from 0 to h — 1, then for ¢'g*
one does indeed obtain h|G'| elements. They are pairwise distinct, since the
equation g}g* = gig’ implies for k < j that ¢g/—* = ¢} (gé)'l, from which it
follows that j —k < h, j—k = 0, j = k and hence also that ¢] = ¢g4. The group
generated in this way will be denoted G" = G’ V g. If Vg, denotes the cyclic
subgroup of G generated by g;, then if Vg; = G one has already described the
structure of G. Otherwise there exists some group element g, not belonging
to Vg;, so that one can form Vg; V g,. If this subgroup agrees with G the
structure of G is already determined — otherwise one continues this method
of construction — and obtains a sequence of subgroups

Vg1, Vg1V 92, Vg1 Vg2 Vg3, ..., V@1 Vga V... Vgy, ...

having ever greater orders. Because of the finiteness of G this sequence must
terminate for some index £ = L, so that

G=Vg1Vg2V...VgyL

holds. Thus the general element of the finite abelian group G has the form
9=gt'gs?...g5*
with 0 < k¢ < hg, where h; is the order of g; and for £=2,...,L
he=ge:Va1V...Vge

denotes the indicator of g, with respect to Vg; Vga...V gs—3.
A character c of a finite abelian group G is a complex-valued function
defined on G with the homomorphism property

c(g'9") =c(g') - c(¢") .

From now on we exclude the trivial case that c(g) = 0 for all g from G. It
follows that for some element g from G we must have c(g) # 0, and for the
identity element, because of c(g) = ¢(gog) = c(go)c(g), necessarily c(go) = 1.
If g denotes an arbitrary element from G of order n, it follows from c(g") =
1 = c(g)", that c(g) must be an nth root of unity e2"**/" with h integral. In
this way characters map group elements onto complex numbers of absolute
value 1, and in particular associate elements of order n with nth roots of unity.
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If G = Vg is a cyclic group of order n, n possible characters ¢, cl,...,c"™!

arise, if one defines c’(g) = e2™J/™ obtaining c’(g*) = €?**¥J/™ for the general
group element g*.

Assuming that the structure of the characters of the group G' is already
known, let h denote the indicator of g with respect to G'. Then each character
¢’ of G' can be extended in h different ways to a character ¢ of G' V ¢. Since

c(g'g*) = c'(¢") - c(9)*
must hold, and the fact that g” lies in G’ shows that c(g)* = c'(¢g"), in order
to ensure the homomorphism property the calculation

c(919* - 939°) = c (9195 - g*17)

=c'(g192) - clg
=c' (1)<’ (g5) - c(9)* - c(g)
= c (g19") - ¢ (g29°)

)k+.i

implies that for c(g) only the h distinct hth roots
cl(gh)l/h.e%rij/h’ j=0,11"'ah—1 ’
of c'(g*) come into question. It follows from all these considerations that

Proposition 1. A finite abelian group has ezactly as many characters as its
order.

If for two characters c¢’,c” of the group G one defines a multiplication
n =c by
c(g) =c'c"(g) = c'(9) - c"(9) ,

the set C of all characters of G acquires the structure of a finite abelian group
- the axioms are easily verified — in particular the so-called principal character
co with co(g) = 1 for all ¢ € G plays the role of the identity element in C,
and the character inverse to c is given by ¢! = ¢ with

&(g) =c(g) = =c(¢g7") .

1
c(g)
C is therefore called the character group of G. It is related to G by a certain
duality: on the one hand it has precisely as many elements as G, and on the
other, for group elements as for characters the so-called orthogonality relations

hold.

Proposition 2: Orthogonality Relations for Group Elements. For the
principal character ¢ of the group G one has

> cle) =161

9geG
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and for all the remaining characters c

Y c(g)=0.

g€G

Proof. Because co(g) = 1 the first formula is obvious. If ¢ is not the principal
character, then there exists some ¢; in G with ¢(g1) # 1, and as g runs through
all the elements of G so does ;9. Hence from

Y )= clarg) =c(g1)- Y e9) ,

9€G 9EG 9€G
(1-c(g1))- Y e(g) =0
g€eG
the second formula follows by division'by 1-c(q1)- v ‘D

One can describe this result as follows. If I' = (c¢(g)) describes the matrix
of all possible function values of characters on group elements, where g serves
as row index and ¢ as column index, and if I't denotes the transposed and
complex conjugated matrix to I' (i.e. Hermitian conjugated with I't = (&(g))
with ¢ as row index and g as column index), consider the matrix product

Irr =3 clg)-<9) | = | Y (<))
g€eEG geEG
= Z(cc"’l)(g)
g€eEG

The result is only non-zero for cc’~! = cy, i.e. for ¢ = ¢/, and here agrees with
|G|. If I denotes the unit matrix it follows that

‘r=|G|-1,

which shows that I'/1/|G| = (c(g9)) /+/|G| is a unitary matrix. In particular
the two matrices commute, I''I' = |G| - I - in detail

> c9) el =) elg™e(e")

ceC ceC

= clg7'g) -

ceC

This means that for g = g’ we obtain the result |G| and otherwise zero. Hence

Proposition 3: Orthogonality Relations for Group Characters. For
the identity element gy of G one has
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Y @) =161,

c€C

and for all other group elements

Y cg)=0.

c€C

The duality between the finite abelian group G and its character group C
appears even more clearly in the following theorem:

Proposition 4. The character group C of each finite abelian group G is
isomorphic to G.

Proof. We know that the general structure of G may be expressed in the form
G=Va1Vg2V...Vgyr,

where h; denotes the order of g; and h, is the indicator of g, with respect to
Vg1 V...V ge—;. To each element g from G which can be described as

g=gt'95...g5"

with 0 < k¢ < hg, we associate a character ¢, as follows: write

J1_J2 JL
c’ (gl gz Y .gL )
= e?®iiki /b 2wijakafha | 2wijLko/hr

It is clear that mapping g to c, is a homomorphism, i.e. one has the relation
CgrCqn = Cyrgn. If ¢y agrees with the principal character co,cy = ¢y, it follows
from

cg(g[) — e2‘lik¢/hl - 1

that necessarily k¢ = 0, where £ can be chosen arbitrarily between 1 and L.
But this implies that g coincides with the identity element g, and in this way
one shows that the map g to c, is injective. Because G and C have the same
number of elements, this map has to be an isomorphism, as asserted. o

In this way the structure of finite abelian groups and their character groups
is abstractly described.

The groups of interest in elementary number theory are the groups of
residues coprime with an integer m, which consist of ¢(m) sets a + mZ with
g.c.d. (a,m) = 1. More precisely: the group elements are the sets a + mZ,
where a runs through all integers coprime with m. Since for a = a'(mod m)
we have a + mZ = a' + mZ, we do indeed have only a group of order ¢(m).
Multiplication (a' + mZ)(a" + mZ) = a'a" + mZ defines the group operation.
Dirichlet proposed not to allow the group characters to operate directly on the
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group elements, i.e. on the classes of residues, but to consider them as number
theoretic functions. If ¢ represents a character of the prime group of residues
modulo m in the abstract, original sense, the associated Dirichlet character x
is defined as a number theoretic function by setting

x(a) = c(a + mZ), fora € Z with g.c.d. (a,m) =1, and
x(n) = 0for g.cd.(n,m)>1 .

In this way he arrives at

Proposition 5. There ezist o(m) distinct Dirichlet characters modulo the
natural number m; each of them is strongly multiplicative and periodic with
period m. This means that for all k,n we have

x(kn) = x(k) - x(n)

and
x(n+m)=x(n) .

Conversely each strongly multiplicative and periodic (with period m) number
theoretic function x, which for g.c.d.(n,m) > 1 takes the value x(n) =0, is
one of the Dirichlet characters modulo m.

Proof. For g.c.d.(k,m) = g.c.d.(n,m) = 1 strong multiplicativity is exactly
the homomorphism property. Since for g.c.d.(k,m) > 1 it is also true that
g.c.d.(nk,m) > 1, strong multiplicativity certainly holds. Periodicity follows
directly from the definition. Since the number of Dirichlet characters agrees
with the number of characters in the abstract sense, and therefore by Propo-
sition 1 equals the order ¢(m) of the group of prime classes of residues, all
assertions in the proposition are clear. m}

Since Dirichlet characters arise as number theoretic functions, the next
step is to study them by means of the Dirichlet series which they form

o x(n)
L(x,s)= Y vl
n=1
known under the name of Dirichlet L-series. In the region of absolute con-
vergence, from the strong multiplicativity of the character it follows that we

have the product representation
1

L(x,s) = 1;11__7_@ .
p.

In particular for the principal character x = xo
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Lixo,s) = [] —
p‘fml-—;;
1) 1
= 1-—). ,
H‘( P’ I,:‘ll.__l.

pa

and in this way one obtains the important formula

Lo o) =TT (1-%) <)

plm

In the same way that the Riemann (-function was used for the proof of the
prime number theorem and =(h,s) for the proof of Hecke’s prime number
theorem for Z(i), Dirichlet L-series will be applied in the proof of a prime
number theorem of Dirichlet.

Lemma 1. If x is not the principal character, L(x,s) can be considered as a
holomorphic function on the half-plane of all s with Re(s) > 0. If x = xo 13
the principal character, then L(xo,3) i3 analytic in Re(s) > 1, and the map

1

20,9 = £ 5

can be analytically continued on Re(s) > 0, i.e. L(xo,8) i3 a holomorphic
function in Re(s) > 0 up to a simple pole at s = 1 with residue p(m)/m.

Proof. For x = xo the conclusion of the lemma follows from the connection
between L(xo, s) and the Riemann (-function just described, that is from the
extendability of {(s) — 1/(s — 1) as an analytic function on Re(s) > 1 to one
on Re(s) > 0, and from the known representation

sm=m T1(1-)

of the Euler function. For x # xo the conclusion follows, since on the one
hand, given the orthogonality relations, one concludes that

P4+m
> x(n)=0,
n=P+1
and hence
Q
Y x(r)|<m,
n=P

and on the other, using an Abel transformation for real s = Re(s) > 0,
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1 Q
G .;:; x(n)
2 /1 1 i
DD riatmerrl RDSRI0)
';(n (‘n+1));"
m 2 /1 1
<@iv X ()
-~ P

This shows that the residual sum of L(x, s) tends to zero. o

For monotone decreasing positive number theoretic functions f(n) the last
calculation has the generalisation

Q

> x(n)f(n)

n=P

Q
= 'f(Q +1)- ) x(n)
n=P

Q n
+ ) (f(n) = f(n+1))- ) x(¥)
k=P

n=P
Q
<m-f(Q+1)+m- > (f(n)-f(n+1))

n=P
—m- f(P) .

Thus the convergence of f(n) to zero as n — oo implies the convergence of

the series
oo

Y- x(n)f(n) .

n=1

Lemma 2. On the line Re(s) =1 L(x,3s) # 0 for all characters x.

Proof. For x = xo the conclusion of the lemma follows from the connection
between L(xo,s) and the Riemann (-function. Now assume that x # xo and
L(x,1+it) = 0. In the case t # 0 or x? # xo Mertens’ familiar method of
argument admits translation. Thus

O(s) = L(xo,8)® - L(x,s + it)* - L(x?, s + 2it)
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would also possess a zero for s = 1, implying that
}1_13 log |B(s)] = —o0 .
In the special case s = 0 > 1, given the product representation of L(,s)

_x(p)
c+u

log |L(x, o +it)| = 2 log |1

cos n(ar —tlo
‘ZZ ( gx(p) g p)

pfm n=1
leads to the contradiction
log |6(s)|
_ Z z 3 + 4 cosn(arg x(p) — tlogp) + cosn(2arg x(p) — 2tlog p)
pradies npne
>0.

Only in the case of a real character x, which is distinguished by x? = xo, and
for t = 0, does this method not work. This is because the factor L(x?, s+2it) =
L(xo,3) possesses a pole for s = 1 and therefore ©(s) does not have to take
the value zero at s = 1. Here the following technical device helps to our goal:
because of the multiplicativity of x¥ the sum function

Sx(n) =Y x(k)

kin

of the real character x is also multiplicative, and for the prime power p* we
have

14 v
SP) =) x()=1+)_ x(oy .
Jj=0 Jj=1
X(p) can only take the values 0,1 or —1, and as a consequence one has that
Sx(»¥) =1, Sx(p*) = 1+ v or Sy(p*) = 0 for odd v, and S,(p”) = 1 for
even v. In any event, for all natural numbers n, Sy(n) > 0 and for the perfect
squares n = k% S, (n) = Sy(k?) > 1. Since therefore

SAd> ¥ =Yg

n<z n<z,n=k? k<

diverges as * — oo, the convergence abscissa oy of the Dirichlet series formed
by Sy

F(s) = Z ﬂ_
n=1
must satisfy the inequality oo > 1/2. By Landau’s theorem (Proposition 18
of Chapter 4) F(s) has a singularity in the region Re(s) > 1/2. Because of
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o0

Fio)= 3 = 3 (k) = L(x,9) - (o)

n=1 kin

and the analytic continuability of L(x,s) to Re(s) > 0, this is only possible
at the simple pole s = 1 of {(s). Since the singularity is not removable, the
value L(x,1) = 0 is excluded.

Lemma 3. For Re(s) > 1 and all characters x we have

CL(x8) X x(m)A(n)
L(x,s) ) ne

Proof. This follows from the transformation

_L'(x,s)
D)

= —_ (log L(X’ 3))

(Zl ( x(P)))

=Z X(zm logp Elogp Zx(p)”’“1

v=0

ZE X(P )IOSP E x(n)A(n) )

P k=1 n=1

One can answer the point that here one has too freely manipulated the loga-
rithm of a complex argument and its functional equation by reading the formal
proof given above backwards. Because of

log (1 - XT@) - _¥ +0(p7?"), o=Re(s),
the series

H(s)= - Zlog( XIEP))

converges absolutely and uniformly in each compact subset contained in
Re(s) > 1, and thus represents a holomorphic function in Re(s) > 1. Now
the conclusion follows unassailably from the relation

eH(o) — L(x,s) .

u]

The assumptions needed for the application of Corollary 3 of the previous
chapter are thus satisfied: f(n) = A(n) and g(n) = x(n)A(n) denote two



148 6. Characters of Groups of Residues

number theoretic functions, where A(n) takes only non-negative values and
the formulae

x(n)A(n) = O(A(n))

and

¥(2) =) An) = O(z)

n<z

hold. The Dirichlet series

(s) & n
L'(x,3) _ <= x(n)A(n)
" L(x,9) —,,z_:, ne
which they form are holomorphic for Re(s) > 1, and the maps
_¢s) 1
¢(s) s—-1"
_L'(xo,8) 1
L(xo,8) s—1"
L(xs) 0

TTos) -1 O XX

can be understood as holomorphic functions, defined in a region containing
the closed half-plane Re(s) > 1. Therefore one has

Proposition 6. If x = xo ts the principal character, then we have the asymp-
totic approzimation

> xo(n)A(n) ~z .

n<z
For all other Dirichlet characters x # xo we have

Y x(n)A(n) = o(z) .

n<z

In order to extract an interesting number theoretic statement from this,
note first that for g.c.d.(a,m) = 1, because of the orthogonality relations, the

function
baamy= Y AMm)
n<z:n=a(mod m)
can be rewritten as

1 _
Y(z;0,m) = o) XX:X(G)' > x(n)A(n)

n<z
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Since, given Proposition 6, the right-hand sum is asymptotically equal to z
only in the case x = xo, and all other right-hand summands are of order of
magnitude equal to o(z), we have

1
YP(z;a,m) = ( ) -z 4 o(z) ~ -‘p—(m—)w

The conclusion allows us to count all prime numbers p = a(mod m) with
p < z. On the one hand

2, ) loep

n>2 pn<z,p"=a(mod m)

<> ) logp

n>2 p"<z

—_—O(log:c.z ™ 1)

n22 p_<_1:1/"

“olwr 2 w)

2<n<log z/log 2

=0 (Vrlogz) ,

from which

z logp ~ 1 -z
p(m)

p<z:p=a(mod m)

follows. On the other hand the Abel transformation gives

_ logp
z 1= Z log p

p<z:p=a(mod m) p<z:p=a(mod m)

- Z lo
" logz P

p<z:p=a(mod m)

/ Z log p- dt
&P t-logt

p<t:p=a(mod m)

roalcor

+o(/ P - )
2 t-log“t

1 z " z
¢(m) logz ° log z

Theorem 1: Prime Number Theorem for Arithmetic Progressions.
If n(z;a,m) counts the prime numbers p < z congruent to a modulo the
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natural number m, and if the g.c.d.(a,m) = 1, then one has the asymptotic

representation 1°
1 z

i)~ oy g
Corollary 1: Dirichlet’s Theorem on Prime Numbers in Arithmetic
Progression. If the natural numbers m and a are coprime, then the arithmetic
progression a,a+m, a+2m,a+3m, ... contains infinitely many prime numbers,

i.e. there exist infinitely many prime numbers of the form p=a+nm, n =
0,1,2,3...

Until now the strong multiplicativity of Dirichlet characters has been used
above all else as a method of proof. In what follows their periodicity with period
m will mark the investigations. We begin by expressing number theoretic
functions with period m in terms of Fourier series (which here reduce to
Fourier sums)

f(n) — Z f(k)emrikn/m .
k=1

The Fourier coefficients f(k) are determined by the formula
£ — l - —2xikn/m
fB =23 s

and in this way f enters as the “Fourier transformed” number theoretic func-
tion with period m associated to f. One way to check these formulae is by
direct calculation — thus

f: f"(k)ezm'kn/m
k=1

= i i f(r)c—21rikr/me21rikn/m

k=1 r=1

1™ m .
= ; Z f(r) . Z e2‘mlc(n—1-)/m ,
r=1 k=1

where only in the case n = r(mod m) does the inner sum consist of m sum-
mands equal to 1, leading to the result f(r) = f(n). For n # r(mod m), given
the formula for the geometric sum

3|~

e21n'(n—r)/m . c2m’m(n—r)/m -1 -0
e2xi(n—-r)/m _1 ~

no further contribution is made. Alternatively one may convince oneself that
the association of n to e2*i#¥7/m for k = 1,...,m labels the m characters of the
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additive group of all classes of residues modulo m, and that the relations above
are immediate consequences of the orthogonality relations for characters. This
second, abstract method of argument leads to a generalisation of the Fourier

formulae. One writes . )
f(n) =) f(k)e*mikn/m
k(m)

fB)= Y f(n)e2mibnim |

n(m)

where the summation over k(m) (resp. n(m)) implies that k (resp. n) runs
through a family of representatives for the complete system of residues mod-
ulo m. Because of the symmetry of the two formulae above it is ultimately
irrelevant whether the Dirichlet characters are developed in Fourier series or
play the role of Fourier coefficients. Gauss plumped for the latter — the Fourier
sums formed in this way

G(n,x) — Z X(k)821rikn/m ,
k(m)

for all natural (even all integral) numbers n and all Dirichlet characters x of
the system of prime classes of residues, are called Gauss sums. 2!

With the aid of Gauss sums the following investigations persue two goals —
the proof of an inequality of Pélya and Vinogradov, which sharpens the trivial
estimate

Z x(n)| <m

n<N

for a character x different from the principal character, and a simple analytic
proof of the quadratic reciprocity law of Gauss.

First Application of Gauss Sums: The Theorem of Pélya and Vinogradov

A divisor m' of the modulus m of a Dirichlet character x is called a defining
modulus, if for all natural numbers a, b with g.c.d.(a,m) = g.c.d.(b,m) =1 it
follows from a = b(mod m') that x(a) = x(b).

Proposition 7. The divisor m' of the modulus m is a defining modulus
for the Dirichlet character x, if and only if for all natural numbers n with
g.c.d.(n,m) =1 it follows for n = 1(mod m') that x(n) = 1.

Proof. If m' is a defining modulus, in order to verify the conclusion one has
only to put a = n and b = 1 in the definition. If on the other hand the
condition in the proposition holds, then starting from natural numbers a,b
with g.c.d.(a,m) = g.c.d.(b,m) = 1 and a = b(mod m'), one can find some
natural number a’ with aa’ = 1(mod m), hence also with aa’ = 1(mod m'),
and finally with x(aa') = 1. In particular x(a') is certainly different from
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zero. ba' = aa' = 1(mod m') implies that x(b)x(a') = x(ba') =1 = x(aad') =
x(a)x(a') which after division by x(a') gives the defining formula for the
defining modulus, viz x(a) = x(b).

Proposition 8. The divisor m' of the modulus m is a defining modulus for
the Dirichlet character x if and only if there ezists some Dirichlet character
x' modulo m', which after multiplication by the principal character xo modulo
m gives X. Thus

x(n) = xo(n) - X'(n) .

Proof. Since it follows from n = 1(mod m') that x'(n) = 1 and from
g.c.d.(n,m) = 1 that xo(n) = 1, from the formula x(n) = xo(n)x'(n) one
obtains the condition x(n) = 1 stated in Proposition 7.

In the other direction if m' is a defining modulus of x, one carries out
the construction of x' in the following way. Given n with g.c.d.(n,m') > 1,
put x'(n) = 0. Otherwise given n with g.c.d.(n,m') = 1, one can, when
for example one chooses some prime number from the arithmetic progression
n,m'+n,2m'+n,3m'+n,..., find some n' = n(mod m') with g.c.d.(n',m) =
1. Now put x'(n) = x(n'). This definition makes sense, because m' as defining
modulus for x leads to the value x(n") = x(n') for all other n" = n(mod m')
with g.c.d.(n',m) = 1. By construction it is clear that x' forms a Dirichlet
character modulo m/', and that for g.c.d.(n,m) = 1 the validity of the formula
x(n) = xo(n)x'(n) follows from g.c.d.(n,m') = 1, x'(n) = x(n') for suitable
n' = n(mod m'), and thus from x(n) = x(n') = x'(n) = xo(n)x'(n). For
g.c.d.(m,n) > 1 the validity of this formula follows, since both sides equal
zero, given that x(n) = xo(n) = 0. Hence the formula always holds. O

The smallest defining modulus m, of a Dirichlet character x modulo m is
called the conductor of the Dirichlet character. If the conductor equals 1, it is
clear that we are dealing with the principal character; on the other hand, if the
conductor equals m, m, = m, one calls the character primitive. The formula
required to prove the inequality of Pélya and Vinogradov reads: G(n,x) =
x(n)G(1, x). In complete generality it holds only for primitive characters.

Proposition 9. For each natural number n coprime with the modulus m, the
Gauss sum of an arbitrary Dirichlet character x modulo m can be written as

G(n,x) = X(n)-G(1,x) -

If the Dirichlet character is primitive, this formula always holds, hence also
for n with g.c.d.(m,n) > 1 one has G(n,x) = 0.

Proof. For n and m coprime there exists some natural number n’ with nn' =
1(mod m). Because x(n') = x(n) and with k also h = nk runs through a
complete system of residues modulo m, one has
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Gln,x) = 3 x(k)ermink/m

k(m)
— Z X(nl)x(nk)e21rink/m
k(m)
=X(n)- Z X(h)ezﬂhlm =x(n)-G(1,x) ,

k(m)

as claimed in the first part of the proposition.

Suppose now that g.c.d.(n,m) = r > 1, then the natural number m' =
m/r also divides the modulus m. If x is primitive, there must exist some
n' = 1(mod m') with g.c.d.(n’,m) = 1 and x(n') # 1, since otherwise m'
would be a defining modulus. Furthermore the relation

> x(k)

k(m):k=h(mod m')

= > x(n'k)

n'k(m):n’ k=h(mod m’)

= ) x(n'k)

k(m):k=h(mod m')

= x(n')- >, x(k)

k(m):k=h(mod m')

holds for each integer h, so that, given x(n') # 1, for each natural number h

it follows that
> x(k)=0 .
k(m):k=h(mod m’)

As claimed this has the consequence

Gln,x) = 3 (B)emink/m
k(m)

— E X(k)c21rink/m'r

k(m)

— Z Z X(k)e21rink/m’r

h(m’) k(m):k=h(mod m')
— Z Z X(k)e21rinh/m’r
h(m') k(m):k=h(mod m')
=0=x(n)-G(1,%) . o
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Proposition 10. For each natural number n coprime with the modulus m and
for each primitive Dirichlet character x modulo m the equation

|G(n’ X)' = \/E
holds.

Proof. Given Proposition 9 it suffices to prove that |G(1, x)|?> = m. Also for r
with g.c.d.(r,m) = 1 both k and kr run through a complete system of residues
modulo m. Combining the calculation

G =Y Y x(r)x(k)ermir=p/m

r(m) k(m)

Z Z x(r))z(kr)ez"i('_kr)/m

r(m):g.c.d.(r,m)=1 k(m)

- Z Z )Z(k)e‘z"“"/"‘e“"/m

r(m):g.cd.(r,m)=1 k(m)

= Z G(-—r,)})cz""’/"‘

r(m):g.c.d.(r,m)=1

and the fact that the primitivity of the Dirichlet character y makes the re-
quirement g.c.d.(r,m) = 1 superfluous, and since those r not coprime with m
have G(—r, x¥) = 0 and make no contribution,

= Z e21rir/m z i(k)e—21rirk/m

(m) K(m)

— Z Z )2(k)e2"ir(l—k)/m
r(m) k(m)

=3 T x(k)ermira-tim
k(m) r(m)

_ Z Y(k)‘i (e2m'(l—k)/m)r
k(m) r=1

=x(1) - m=m .

The final geometric sum only contributes non-trivially for k¥ = 1(mod m).

Theorem 2: The Theorem of Pélya and Vinogradov. Each primitive
Dirichlet character xo modulo m satisfies the inequality

Z x(n)| < v/m-logm .

n<N
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More generally for each Dirichlet character x modulo m different from the
principal character xo we have

3" x(n) = O(v/m - logm) .

n<N

Proof. First let x denote a primitive Dirichlet character modulo m. For m < 10
one can check the inequality given above directly; the following considerations
apply to larger values of m. Since in the Fourier representation

v = X (Rt
k(m)
Proposition 9 describes the Fourier coefficients as

%K) = = 3 x(m)e2ribn/m

n(m)
— ..1_ G(_k = .1.. . “(._k) G’(l )
=m ,X)—'m X ' X

we have G(1,x)
x(n) = =22 ST g(—k)ermknm
k(m)

For the sum in question this implies that

Z ( )_ G(l X) Z ( k‘) Z e21nlm/m

n<N k(m) n<N
G 1’ wikn/m
( X) Z X( k) E 2wikn/m
n<N

For k = m the summand vanishes, since x(m) = 0. Taking account of Propo-
sition 10 the estimate of the absolute value reads

Z X(n) <_ Z Z e2mikn/m

n<N k=1 |[n<N

One estimates the inner trigonometric sum as follows: write

Z e2mikn/m _ f(k) .

n<N

Since

f(m _ k) = Z e2‘rri(m—k)n/m

n<N

- Z e—27rikn/m =m

n<N
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|f(m — k)| = |f(k)|, leading to the simplification

> )| < L2 Y 15w

n<N k<m/2

If without loss of generality one restrict oneself to natural numbers N, the
geometric sum f(k) can be expressed as:
N ) n
f(k) — Z (621rik/m)
n=1
e21rikN/ m_ 1

= g2mik/m |
- e21rik/m -1
e—rikN/m

. e1rilc(N+l)/rn

em'kN/m _
emik/m _ o—mik/m
. wkN
sin
— m__ . e‘rrik(N+1)/m
. 7k )
sin —
m
Its absolute value equals
. 7rkN'
sin — 1
£}l = - A2
sin — sin —
m

Since for 1 < k < m/2, 0 < mk/m < = /2, and for the corner in which ¢
increases from 0 to 7/2, one can apply the trivial Jordan inequality sinp >

1 _m
T2

wk

2p/m, we have
IF(k)l <
m

2
™

Since m > 10, and

this gives the first assertion in Theorem 2.
If x denotes a Dirichlet character other than the principal character with
m' = m, as conductor, then by Proposition 8 there exists a decomposition

x(n) = xo(n) - X'(n) ,
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where x' denotes a primitive character modulo m'. Given the relations

> x(n) = > X'(n)

n<N n<N:g.cd.(n,m)=1

=) XM Y uk)
n<N klg.c.d.(n,m)

=3 > wkx(n)
n<N k|m,k|n

=Y U Y K
k|m r<N/k

=D uk)X'(k)- Y X'(r)
k|lm r<N/k

and the fact that u(k)x'(k) # 0 presupposes that k = p;p,...p, is a square-
free product of £ distinct prime numbers py,...,pe, and because x'(k) # 0,
none of the prime factors p;,...,p¢ can divide the conductor m', so that k
has to be a divisor of m/m/, it follows that

Yoxm)|< > 1Y X

n<N klm/m' r<N/k

ST(%) -ﬁlogm’gr(%) -vVm'logm .

Because of Proposition 4 in Chapter 4 starting from

m vm
T (W) =0 (\/m')
one obtains, as asserted, that

m
n)=0(-"= ) -vm'logm = O(v/mlogm) . ]
> o (Y5 ) v 1ogm = O(ymlogm)

In order to be able to understand the importance of Theorem 2 we include
two richly significant examples of its application. In them we assume that the
modulus m = p is prime. This simplifies the situation, not only because with
it all Dirichlet characters other than the principal character are primitive,
but more importantly because the group of prime classes of residue modulo
the prime number p is well-known to be cyclic. There certainly exists some
primitive root ¢ and an index function ind dependent upon ¢, defined for all
numbers coprime to p, such that n = ¢*4(")(mod p) holds. The character
group must also be cyclic; concretely one can describe the Dirichlet characters
by 2mir-ind(n)/(p—1) ,

xr(n)=e r=0,1,...,p—-2,



158 6. Characters of Groups of Residues

for g.c.d.(n,p) = 1. Given the decomposition p — 1 = u - v, the number n
coprime with p is then called a vth power residue if and only if it is possible
to solve the congruence

z¥ = n(mod p) .

One can also describe this by means of
ind(n) = 0(mod v) .

Elementary number theory teaches us that n is a vth power residue in the
prime classes of residues modulo p, and that these form a subgroup. If we con-
sider the cosets (v;0), (v;1),...,(v;v—1), where all n with ind(n) = h(mod v)
come to lie in (v; k), we recognise the quotient group obtained by algebraically
factoring out the group of prime classes of residues by the subgroup of vth
powers. Since this is also cyclic with generating element (v; 1), it is clear that
its characters are cg, cy,...Cy—; With

ck(v;h)=62"ihk/”, k=0,1,...,v-1.

There exists a unique reversible morphism between these characters and the
Dirichlet characters x,x with

Xuk(n) = e21riuk-ind(ﬂ)/(p—-l)

— c21rilc:-ind(n)/u .

In particular the fact that n belongs to (v;h) gives the relation cg(v;h) =
Xuk(n) and conversely. Therefore the yur, £ = 0,1,...,v — 1, embody the
Dirichlet characters of the quotient group introduced above. We understand
the orthogonality relations to read that n is a vth power residue modulo p iff

1
_'quk(n)z‘l )
v
k(v)
while for all other n 1
=) xue(n) =0
k(v)

holds.
The number of vth power residues modulo the prime number p lying be-
tween 1 and N thus reads

S IS =23 Y v

n<N k(v) k=0 n<N
1 1 v—1
==+ xo(m)+=-30 D xu(n) -
n<N k=1 n<N

If one assumes N < p the first summand becomes N /v, while by Theorem 2
the absolute value of the second summand can be estimated by
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v—1

-/plogp < /plogp .

v

This implies

Corollary 2. Between 1 and the natural number N < p there lie at least

N

— —VPplogp
and at most

N

— +VPplogp

vth power residues modulo the prime p.

Since n modulo p is a primitive root if and only if
g.cd.(ind(n),p—-1)=1,

the sum
1
n<N:g.cd.(ind(n),p—1)=1

prints out the number of prime roots between 1 and N. Vinogradov’s lemma
(Lemma 2 in Chapter 4) allows the transformation of the sum above to

oo

) w(v)- > 1
v=1 n<N:v|g.c.d.(ind(n),p~1)

= Z p(v) - Z 1.
v|p—-1 n<N:v|ind(n)

Here the inner sum accounts for the number of vth power residues to be found
between 1 and the natural number N; by Corollary 2 this is bounded below
(resp. above) by N/v & /plogp. Hence the number of primitive roots to be
found between 1 and the natural number N < p is at least

1
n<N:g.c.d.(ind(n),p—1)=1

> ) #(v)-%{— Y. Vplogp

v|p-1 v|p-1

=N-. Z E%—T(p—l}ﬁbgp .
v|p-1

Since the Euler p-function has the description

<p(n)=Zu(m)--:;=n~Z%m),

m|n min
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the estimate above can be simplified to

I-,if—;-sO(p—l)—T(p—l)-x/ﬁlogp :

If N = g itself denotes the smallest positive primitive root modulo p, then as
a consequence one has the inequality

1>p—— p(p-1)—1(p—1)-/plogp ,

g< ?p 5 +re-1)- (__)-\/fﬂogp
=0 (vtp-1)- 2= plogs)
= ((P 1)~°. (_"T)":;ﬁ\/_l’ )
= 0( li/s .ﬁ.pel3)
0(1/2+e)

in which we apply the estimate of Propositions 1 and 4 of Chapter 4.

Corollary 3: Vinogradov’s Theorem. If g(p) denotes the smallest positive
primitive root modulo the prime number p, then for it the estimate

9(p) =0 (p" 2"")

holds, where the positive number € may be taken to be arbitrarily small. 22

Second Application of Gauss Sums: The Quadratic Reciprocity Law

Proposition 11. Apart from the principal character, modulo the odd prime
number p there exists only one real Dirichlet character .

Proof. For a number n coprime with p a real value for

Xr(n) — eZwir-ind(n)/(p—l)

is equivalent to the divisibility of 2r-ind(n) by p—1. This (in the case ind(n) =
1 for a primitive root n) only leaves open the possibility r = 0 — corresponding
to the principal character — and also r = (p — 1)/2. The second real character
obtained in this way clearly agrees with the Legendre symbol of elementary
number theory,

X(p-1)/2(n) = emind(®) = (—1)ind(m)
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This means that with the values +1 (resp. —1) it shows whether n is a
quadratic residue (resp. non-residue) modulo p.

In what follows let p always be assumed to be an odd prime number, and

let the real character distinct from the principal character be denoted simply
by x. Then for all n coprime with p,

- ()

holds. Since x is primitive, its Gauss sum satisfies the relation

G(n,x) = (n) - G(L,x) = (g) G(Ly) -

However for the proof of the reciprocity law the calculation of the powers of
its Gauss sums is of importance. For the determination of the square G(n, x)?
one can restrict oneself to n = 1 and proceed analogously to the proof of

Proposition 10. Thus
(_’:) (k) 2mi(r+k)/p

( ) ( )e2m'(r+kr)/p
1
( ) 2wir(1+k)/p

) Zp: ( 2m(1+k)/p)

G2
&)

The last equality holds, because the geometric sum only delivers the value p in
the case k = —1(mod p) and otherwise takes the value zero. From this follows

G(1,x)?* =

M~ i
-1

"l IS

.,
1l
A
-~
1l

Il
M'u
M=

1]
Eoad -
"M" i
L L
i
o~ T B A

Lemma 4. If the Dirichlet character x represents the Legendre symbol modulo
the odd prime p, then for its Gauss sum

G(n, x)? = (‘71) ?,

where n 18 an arbitrary natural number coprime with p.

If in what follows ¢ denotes an odd prime number distinct from p, we can
calculate the power G(n, x)? as
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G(n, x)*

Z Z (7’1) . (_;_q) e21rin(r1+...+rq)/p

r1(p) rq(p)

2min(ri+...+rg)/
=2 - Z( P ) h

r1(p) rq(p)

Since here also we are concerned with a periodic function with period p, there
must be a Fourier expansion

G(n,x) = 3 Gg, h)e2mitn/
k(p)

with Fourier coeflicients

Glat) = 2 3 G, e mbnl

n(p)
q) . Z e21rin(r1+...+rq——k)/p )

Z E ( n(p)

r1(p) rq(p)

The right-hand geometric sum only differs from zero in the case 11 +...+ 1y =
k(mod p), and in this case takes the value p. Hence on one side

Glek) =Y ... Yy (rl .I.).r,>

r1(p) re(p):r1+...4+rg=k(mod p)

remains. On the other side from
q
om0 = (2) a0 = (2) 61,07

we can see the representation

G(g, k) = -;- -G(1,x)? - Z (.’3) o= 2mikn/p

np VP

6, (3) G0

G(1,%)7 -Gk, x) = },
.61, TN - (ﬁ) &(1, %)

/‘\’Ul'—"@ll—‘

2)- 60

where at the end we apply Proposition 10.
From

6™ = (£) - 6ab)



6. Characters of Groups of Residues 163

together with the previous sum formula for the Fourier coefficients we obtain
the following formula, when g.c.d.(k,p) = 1:

61, x)"" = (S) Y ) ("‘""4) .

r1(p) re(p):r1+...4+re=k(mod p) p

With a g-tuple ry,...,r, each switch in sequence order gives a g-tuple with
the same sum and the same product; if q1, . . . , g¢ of the numbers rq,...,rq are
congruent to each other modulo p (¢; + g2 + ... + ¢¢ = ¢), then there are

q!
411! .o Qt!

possible switches. Only for £ = 1, i.e. ¢; = g, is the polynomial coefficient

q!
‘11! . q('

not divisible by the prime number ¢, because in this one exceptional case

it equals 1. With this exception, because of the multiply appearing equal
summands, the sum

T > '(rl...rq>

r1(p) re(p):r1+...4+ry=k(mod p) p

gives a number divisible by ¢ and therefore congruent to zero modulo g.

Therefore modulo ¢ only the summand with the mutually congruent mod-
ulopry =r; =...ry =r(mod p) remains:

G(1,x)""

E(-IE> Z (r...r) (mod q) .
p r(p):r+...4r=k(mod p) p

Since for this only those values of r with ¢gr = k(mod p) come into question,
and in this case

oo () (2)-(5) (5)
JOIEOROEE

holds, this argument leads to
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Lemma 5. If p and q are distinct odd prime numbers, and if the Dirich-

let character x represents the Legendre symbol modulo p, then we have the
congrience

61, = (1) (mod )

For n = 1 from Lemma 4 we obtain

1__1
-1_ (Z1) P st
G(1,x) —(—p—) ‘pE .

By Euler’s criterion from elementary number theory

2)-cr

(2) =5 @mod ) ,

so that as a consequence
601,07 = (-0 (2) (mod )
q

Lemma 5 justifies the deduction

(2) == (2) (ot

and since both sides of the congruence can only take the values 1, we even
have equality.

Theorem 3: Gauss’ Quadratic Reciprocity Law. Distinct odd prime
numbers p and q obey the rule

B

A second more analytic proof of the quadratic reciprocity law succeeds
with the help of direct mediation by the sum G(1, x) concentrated at the prime
modulus p. Here as before x denotes the Legendre symbol. The transformation
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G(mx) = 3 x(R)emis

k(p)
— Z e2mikn/p _ Z e2rikn/p
(o331 {51
- Z e21n'kn/p
o (3)s
_ Z e21rikn/p _ E e2m'kn/p -1
k(p) k(p):(f‘):l
=1+42. Z e21n'kn/p
()1
r—1 k
_ Z (e2m'n/p
k=0 )
=1+4+2- Z e2mikn/p
k(E)=1
=1+ Z e21rir2n/p

r(p):r2=k#0(mod p)

. 2
- E :e2mr n/p

r(p)

suggest the definition of the quadratic Gauss sums

m-—1
onm)= Y exmirtnim
r=0
For natural numbers n not divisible by p

6n) = (2) 60 = (2)-s0.p)

holds. The calculation of the quadratic Gauss sum g(1,m) succeeds with the
help of the following technical results.

Lemma 6. If f(z) denotes a differentiable complez-valued function, which is
defined on the interval [P, Q] with integral P and Q, and if the derivative f'(z)
18 integrable over this interval, then

Q ©  Q
n) = f(P)+f(Q) z e21rikz z
>t =LA L 5 [ fagermiea

n=P k=—o00

holds.
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Proof. First adapt the Euler sum formula to show that
Q Q Q@
> 1= [ fe)e+ [ ()5 e)de + £(P)

n=P
= /PQ f(z)dz + /PQ ({z} - %) f'(z)dz

Q
+%/P f'(z)dz + f(P)

_fP)+fQ , [°

=== +/,; f(z)dz

+ ’ (21 -3) ricrie

Then substitute the Fourier expansion of the saw-tooth curve

1 1 1 ;
{x}——=——,-z—-ez’”k’
2 271 prrd k
noting that the partial sums
_ % . e21rikz
0<|k|<K

remain uniformly bounded in K and z. Since

[ (101-3) s
-l kg% , /PQ fla)d

partial integration gives

1 1 Q .
- = | f(Q) — f(P) — 2mik - f(x)e“"”dx)
2ms g k ( ( -/P

which equals

Q .
Z / f(m)e%nkzdx
k#0 VP

(in the passage to the limit as K — oo the first summand makes no con-
tribution, since the individual members cancel in pairs). This concludes the
lemma. 0
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Lemma 7. For the natural number m we have the relation

0o k/241 . s
/ e21nmz dz
k=—o00:2tk k/2

oo k/2+1 .,
= / e2mm:¢ dz
k=—o00:2|k k/2

oo _
=/ emez d.’t .
—oo

Proof. First by substitution and partial integration one has

b, 1 b et
1z d —_ —. —_—
/a e T 5 [x’ \/t_‘.du

2 .
1 4 1 2 1 Y eiv
— e L eie? L du .
% ¢ "% ¢ Ty / Y il

This shows that for 0 < @ < b and a — oo the Fresnel integral

00 . 2
/ e'* dr
-—00

exists given the Cauchy criterion. But now the assertion of the lemma is easy
to obtain from the formulae

k/2+1 .9
/ e21nmz: dz
[k|<K:2|k J*/2

K+l
— Z / emez dz
l2k|<K ¥

k/2+1 .9
/ emez d:c
k

[k|<K:2tk Y k/2

k+1/2 .,
— Z / e2rimz’ .
|2k-1|<K Yk-1/2

by passing to the limit K — oo. ]

From Lemma 6 it follows that
m 00 m 2
$-amim iy § [ By,
r=0 k=—o0 V0

Since the integral simplifies to



168 6. Characters of Groups of Residues

/m 62#5(',:2+k2)dx - /m eZnim(;";+§)2dz . e—m'mfz

0 0
k
=m- e-—m'mk’/2 . / /341 e2m'mu2du
k/2
applying Lemma 7 we have
k/2+1 .,
g(1,m) = lim Z m- e2™mu gy
T \JkI<K 20k k/2
. k/241 o,
+ Z m- e—n:m/2 / e21nmu du
[KI<K:2tk k/2
- (1 + c—1rim/2) . /oo e21rimu’du

=vm-(1+i™™)- / ™7 4y
If in particular we put m = 1, the relation
oo -
1=(1—i)-/ e?™* dr
—oo

gives the value of the Fresnel integral

oo .
2miz? 1 1+l
dzr = = —,

/ ¢ EETTIT T

- 00

In this way we have succeeded in calculating g(1,m). ]
Proposition 12. If
g(n,m) — Z e21rinr2/m
r=1

denotes the quadratic Gauss sum, then for n =1 it takes the value

14:7™
1—-¢

g(l,m) = \/7;

The most important consequence of this is that one can work out the
Gauss sums for odd prime moduli.

Theorem 4: Signs of Gauss Sums. If p denotes an odd prime number and
x denotes the Legendre symbol modulo p then for the Gauss sum G(n,x) one

has:
G(1,x) =P
if p= 1(mod 4), and
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G(1,x) =ivp
if p = 3(mod 4). With

n
6(n) = (£) 601,
the value of the Gauss sum for arbitrary n is determined.

Since Proposition 10 already gave |G(n, x)| = ,/p, the important part of
Theorem 4 consists in the determination of the argument of G(n, x) — this is
what is meant by the label “sign”of the Gauss sums.

An easily proved technical result now permits the second demonstration
of Theorem 3.

Lemma 8. If m' and m' are coprime, quadratic Gauss sums satisfy the re-
lation
g(n,m'm") = g(nm',m") - g(nm",m’) .

Proof. Since r = m'r' + m'r" runs through a complete system of classes
of residues modulo m'm'’, as r' and r" run independently through complete
systems of classes of residues modulo m' and m", the required relation follows

directly from
Z e21rinr"“/m'm"

r(ml mll)

— Z Z e21rin(rlm”+rl,m,)2/m,m”

r’(m’) rll(mll)

= E § : e21rinm”r'2/m' e21rinm'r”"'/m"
K

’-I(ml) rll(mll)

because the factor with mixed product as exponent

e21n'n2r'r"

is always 1. O

For odd values of m Proposition 12 gives

g(1,m) = vm- j(m=1)%/4 ,

so, in particular, for distinct odd prime numbers p and ¢, and the Legendre
symbol x modulo p, we have

o(0.0) = 6(a) = (£) - 6(1,%)
- (2) P

p
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Analogously the relation

9(p,9) = (g) L g i

must also exist. Lemma 8 has the consequence

Ang—1)2
9(a,p) - 9(p,9) = 9(1,pq) = /pg - i1~V /4 |

This in turn léads to the calculation

(E) (2) — i(Ga=1 (-1 ~(g-1)?) /4
7/ \p

and once again proves the quadratic reciprocity theorem.

Exercises on Chapter 6

In what follows let I, be the group of Dirichlet characters mod n. If x € I, we use
the abbreviation 7(x) := G(1, x).

1.

* 2.

* 4.

* 6.

Let m and n be coprime natural numbers. Show that w : I'n X Ih — I'mn,
w(x,Xx') = xx' is an isomorphism.

Let m and n be coprime natural numbers, x € I';, and x' € I'n. Show:

() "y = A

(i1) xx' is primitive in I'mpn (resp. real) if and only if x and x' are primitive
(resp. real).

. For odd n € Z let x1(n) = (-1)*"V/2 x3(n) = (%), and for even n € Z

let x1(n) = x2(n) = 0. Write xs = x1x2. Show that x1, x2 and x3 are the
non-trivial characters mod 8.

Let p be a prime number, k a natural number and x € I+ primitive and real.
Then:
(i) Ifp>2,then k=1andfor all n € Z, x(n) = (ﬂ)

3
(i) Ifp=2,thenk € {2,3}.In the case k = 2, x(n) = (—1)*~1/? for all odd
n € Z. In the case n = 3, either x(n) = (%) or x(n) = (-1)(»~D/2 (%),
again for all odd n € Z.
Conversely these characters are real and primitive.

. Let m be an odd natural number and x € I}, primitive and real. Show that m

is square-free and that for all n € Z, x(n) = (—,',';) Conversely this character
is real and primitive.

Let m and n be coprime natural numbers, and let x € I and x’' € I be
primitive and real. Show that the following statements are equivalent:

(i) x(n)x'(m)=-1.

(i1) x(-1)=x'(-1)=-1.

. Let p be prime, k € IN and x € I« be primitive and real. Show that (x) =

(x(=1)p)*/2.



*9.

10.
*11.

12.

13.

* 14.
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. Let m and n be coprime natural numbers, ¥ € I'm, X' € I',. Show that:

r(xx') = x(n)x' (m)r(x)r(xX) -

Let m be a natural number, x € I', primitive and real. Show that

(x) = (x(=D)m)'/* .
(Sign of a Gauss sum)
Show that if d € Z, then there exists some m € IN with Q(\/z) caQ (e""/'").

Let m > 2 be a natural number and x € I, primitive. Then:
() L(x1) = -7 Trey x(k) (log (sin Z¥) + in k).
(ii) If x is real and x(—1) = 1, then

m-—1
1 wk
L(x,1)=——= Y x(k)log (sin —)
m k=1 m
and

Z_ kx(k):ﬂ .

k=1
(iii) If x is real and x(—1) = —1, then

T : m
L) = ——p5 > kx(k)
k=1

and
m-1 k
e
E x(k)log (sin —) =0.
k=1 m

A character x € I, is said to be induced by a character X' € I, if n | m
and for the principal character xo € I', we have x = xoX’. Show that if x is
induced by x’, then for Re(s) > 1,

L(x,s) = LX) [J (1 - X (@)p™*)

plm

Let w > 0 and for Re(s) > 1 let {(s,w) = Y.° (n +w)™* be the Hurwitz

n=0
zeta function (see Chapter 4, Ex. 20). Show that for m € IN, x € I'n and
Re(s) > 1,

Ky =~ 3 2 (5,£)
k=1

In particular L(x,.) is an entire function for x # xo, and L(xo,.) is meromor-
phic in € with a single pole at s = 1.

Let n € IN, x € I', and x # xo. Show that as £ — oo
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* 15.

16.

17.
18.

19.

20.
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Z x(r) logp=0(1) .

<z

Show (without applying a Tauberian theorem) that, for m € IN and x € I'n,
as £ — oo we have

T 3 w(k)x(k) = 0@) -

n<z kin

Show with the help of the Tauberian theorem of Ingham and Newman that,
for m € IN and x € I'n real, we have

(s

1 1
Y —hm)x(n) = D

n=1
Let m € IN and x € I'm. Show that as z — 00, > . p(n)x(n) = o(z).
Let m € IN and x € I'm. Show that, for Re(s) > 1,

L(x*,2s) = L(x; ) Z '\(n) X(n)

and deduce from this that, as £ — oo,

Z A(n)x(n) = o) .

n<z

Let m be a natural number and a an integer. Show that, as £ — oo,

(i) X #(n)=ofz).

n<z
n=a(mod m)

(ii) ;(:z A(n) = o).
n=a(mod m)

Let m and n be coprime natural numbers and k an integer. For the Ramanujan
sums show that cm(k)cn(k) = cmn(k).

Hints for the Exercises on Chapter 6

15.

. Show that my,s > mym,s and my,» < mym,., by applying Proposition 7.

. For p > 2 choose a primitive root ¢ mod p*. Then x(g) = =1 for x # xo, so

that there only exists one real character x # xo mod p".

. Apply the previous questions, the quadratic reciprocity law and the supple-

mentary laws.

. Induction on the number of prime factors n of m. Apply (6).
11.

14.

Apply Proposition 9.
0(1) = Eus:r: X%.l]ogn = En_Sz nnll Zdln A(d)
= Yice 3ADx(AL(x,1) + O(1).

1 = Yae tmx(mi Lice X2 = Lo #(m)XRL(1) + O(1),
for x # xo-



7. The Algorithm of Lenstra,
Lenstra and Lovasz 7

In this section we present an algorithm, which has several applications in
number theory.

(1) It makes possible the factorisation of a polynomial f(z) € Q[z] into
irreducible factors inside a realistic time span.

(2) Suppose given rational numbers a;,...,a, and a rational number ¢.
(We note that each calculation programme only involves rational numbers.)
Again in realistic time the algorithm allows us to find integers p1,...,p, and
¢, which for 1 <7 < n satisfy

|pi — aig] <& and 1< g<2onrtD/dg—n

One should compare this result with the Dirichlet approximation theorem,
which shows that 1 < ¢ < e™", without however being able to give a method
for the determination of the numbers pi,...,pn,q (except by unrealistically
long trial and error).

(3) Let ay,...,a, be real numbers. We look for integers m,..., m, not
equal to 0, with smallest possible absolute value, so that

n
E m;o;

i=1

is as small as possible. If it is possible to make this sum equal to zero, then
ai,...,an are linearly dependent over Q.

(4) By applying (3) to a; = a'~! for some given a € IR, one can decide
whether « is algebraic.

(5) The n real numbers a;,...,a, are called algebraically independent, if
af‘ .ok |k, ... k>0 and integra.l} is linearly independent over @, i.e.
for each polynomial p(z,,...,z,) # 0 with integral coeflicients it follows that

plag,...,an)#0 .



174 7. The Algorithm of Lenstra, Lenstra and Lovisz

If one restricts the exponents by 0 < k; < m; (1 <1 < n) and applies (3), it is
possible to decide whether the numbers a;, ..., a, are algebraically dependent
(with degree < m; +...+my,).

For the first named application we refer to the article of Lenstra, Lenstra
and Lovasz in Math. Annalen 1982, pp. 515-534.

In what follows let <,> denote the standard scalar product in R".

Definition 1. Let (by,...,b,) be some basis in R". Set b} = by, and suppose
that the vectors b7, ..., b,_l have already been defined. Then let

-1

= im 3 <> 5

j=

-2

and for 1 < 4,5 < n write p;; =< b;, b} > |b}]|

This process is identical with the Gram-Schmidt-orthogonalisation pro-
cess, i.e. (b},...,b}) is an orthogonal basis of IR". It follows directly from
the definitions that, for 1 < ¢ < n, py;; =1,andfor 1 <i < j < n, pi; =0.

Furthermore n
bi =) uijb} ,
i=1

i.e. the matrix (pij),; ;<, is the matrix of the basis change

(B%,...,b%) > (by,...,ba) .

It is a triangular matrix with determinant 1, so that det(b;,...,b,) =

det (b%,...,b%).

Definition 2. Let (by,...,b,) be some basis of R". It is called reduced if, for
1<j5<i<n,

N =

lwis] <
and, for 1 <i <n, 3|6 |* < |bF + pi i b7, |*.

We propose to show that each lattice & in IR" has a reduced basis, and
demonstrate how one can find one such. For this it is useful to introduce the
following notation:

Definition 3. Let ® be a latticein R", 1 <k <n+1and B = (by,...,b,)
a basis of &. Then write

A(B): = (1§j<i<k=>l,u.-,-|s%) and

(1 <i<k=> Ib,_1 < |et +/ts,i_1b’.~'-1|2)
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We note that B is reduced if and only if Ap41(B) holds. For each basis B
of & A,(B) and A;(B) are true.

If besides B, B' is also a basis for IR", we label the numbers arising in
Definition 1 by u}; and the associated orthogonal basis by (b7",..., blr). We
prove some technical propositions:

Lemma 1. Let & be a lattice in R*, 2 < k <n and B = (by,...,b,) a basis
of & satisfying Ay. Let r be the nearest integer to px x—1 and

B’ = (bl,---,bk—l,bk —Tbk_l,bk+1,...,b") .

Then B' is a basis of & which satisfies Ay and has |y'k,k_1l <i

Proof. It is clear that B’ is a basis of &. For 1 < i < k, b = b;, hence
also bj* = b} and pu; = p;j for 1 < j < i < k. Therefore Ax(B') holds. For
1<j<k

-2
phi =< b, b3 > |03 = pkj — ko5 s

and hence in particular

Il"k,k—1| = |pk k-1 —7| <1/2 .
O
Remark 1. In order to shorten the calculation time it is useful to know how p!} i

and b!* are formed from p;; and b}. Without difficulty one convinces oneself

that
b*=b for 1<i<n,

pij=py for 1<i#k<n, and
'“;cj = pkj — Tpk—1,; for 1<j<k.

Lemma 2. Let ® be a lattice in R*, 2 < k <n and B=(by,...,b,) a basis
for &, which satisfies Ay and

3
7 |b:_1|2 > [b} + gk k-1 N

Let B' = (by,...,b5_2,b5,bk_1,bk41,...,b,). Then B' is a basis for &,
which satisfies Ax—; and

e 12 .3 .. 2
[6ia|” < 7 [okal” -
Proof. It is clear that B’ is a basis for &. For 1 <i < k — 1, b} = b;, hence

also bj* = b} andfor 1 < j < i < k—1, p; = p;;. Therefore B! satisfies Ay_;.
We have
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k-2
ko1 = bk“‘z < by, bj > |b;|_2 bj

i=1

)
=by+ < b, by, > lbi—ll k-1
= b} + prk-1b5_; ,

from which the last assertion follows. (]

Remark 2. In order to shorten the calculation time, it is again useful to know
how to calculate the new numbers p}; and the new vectors b;* from the old.
Thus

-1
Heeer = e [050 " (1631 + ik ey |05 ])
For i ¢ {k —1,k}, b/* = b}, and

1% — h* * I __ g% ! 1%
by = by + prk-1bi_y, b =by_; — P k—1%—1 -

/'l;:—l,j — ( Kk,j )
Pk k-1,
andfork<:<n

Hik—1 — (1 /‘;c,k—-l) (0 1 ) (ﬂi,k—l)
ik 0 1 1 —prg-1/ \ pik

Otherwise p}; = pij.

Forl<j<k-—1,

Lemma 3. Let & be a lattice in IR", 1 < k <n, and B a basis for &, which
. 2
satisfies Ak, |prx-1] < %, but not Agyy. Let -i— lb:_1|2 < Ib; + pk k-1 bz_ll ,

and £ < k mazimal with respect to the property |ure| > 3. Let r be the integer
closest to e and

B' = (bl"",bk—-l’bk —Tb[, bk-l-l,"',bn) .

2

H

Then B' is a basis of &, which satisfies Ay, 3 |b',c“_1|2 <

and |;¢;‘j| <% forallt<j<k.

I* ] 1%
by + pk k-1 by

Proof. Since B does not satisfy A4, there exists some such £. B’ is clearly a
basis for &. Since b} is the projection of b; onto the orthogonal complement
of

Rb; +...+Rb;_; =Rb} +...+IRb;_, ,

it follows that b}* = b} for 1 < i < n. From this it follows that for 1 < j < i #

. -2 .
k, ;zéj = p;j and for.l <3< k,u;cj =<' bk—rbl,b;-‘ > |b;| = pkj—rpes. This
equals px; for £ < j < k. By assumption £ < k — 1. Therefore pj ;_; = pk,k-1
and hence
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3 "™ |2 % [} " |2 ' 1 .
2 [bk_a|” < 08 + phe—a i | k] < 5 foré<ji<k,

and

N =

ltkel = lpre — 7] <

Moreover B’ satisfies Ay. O

Remark 3. Collecting together,
b*=b}, for 1<i<n,
Hij = pij, for i#k or £<j<k, and
Hij = pkj—rpeg; for 1<5<L.

Corollary 1. Let & be a lattice in IR", 1 < k < n, and B a basis for & which
satisfies Ax. Let k =1 or % |bz_1|2 < |b; + ,uk,k_lbi_1|2, Then there exists
a basis B' for ®, which satisfies Agy.

Proof. In the case k = 1 this is trivial. Let 1 < k < n. Without loss of
generality by Lemma 1 we can assume that |pgx-1| < % If B satisfies Ax41
we are finished. Otherwise one applies Lemma 3 repeatedly, and sees that there

exists a basis B' of 8, which satisfies A, 3 |}, |2 <

|,u’kjl < 1 for 1 < j < k. Hence this basis satisfies Ag41. 0

2
by + ,ulk,k—lb,k*—l and

Suppose now that we are given a basis B = (by,...,b,) for . The as-
sumptions of Lemma 2 and Corollary 1 are alternatives. We begin the algo-
rithm for k£ = 2 (we know that A2(B) holds) and apply Lemma 2 or Corollary
1, one after the other, depending on which assumptions are satisfied. At each
step the index k either increases by 1 or decreases by 1 (Lemma 2). If it equals
n + 1, the algorithm breaks off, and the basis is reduced.

If we can show that the assumption of Lemma 2 only enters finitely many
times, then we are finished.

Theorem 1. Let & be a lattice in IR". Then & has a reduced basis, which by
the preliminaries above is explicitly constructible.

Proof. First we introduce some notation. Let B = (by,...,b,) be a basis
of 8, and for 1 < : < n let &;(B) = Zb; + ... + Zb;. &;(B) is a lattice
in an i-dimensional vector space with lattice constant d(®;(B)). This can be
calculated as follows: Let L; : Rb} +...4+IRb} — IRb; +...+IRb; be the linear
transformation which, for 1 < j <1 satisfies L; (b;) = b;. Its determinant is

det (uke)1creci =1, and
Li(®(B")) = &4(B) .
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Therefore d(®;(B)) = d(®;(B*)). Since {b3,...,b}} is a set of orthogonal

vectors, d(@ (B*)) is the volume of the fundamental parallelepiped equal to
IT;=, [b}], so that d(®,(B)) = [T}, [b}]- Let d(B) = [T} d(&i(B)).

We show next that there is a constant ¢ > 0, so that for each basis B of

®, d(B) > c. Let m = min{|f| : £ € &, r # 0}; then m > 0. By Chapter 3,

Corolla,ry 3, there exists some r; € ®; (B) C @8, 1; # 0, so that the coordinates

of r; are at most equal to d(®; (B)) , le.

6] < Vid(&:(B)" .

Hence )
m < \/;d(Oi(B))l/' , and furthermore
n—1
d(B) > H miiTi? = ¢
=1
for each basis B for 8. Now let B = (by,...,b,) be a basis for &, B' =
(b%,...,b,) the basis for & formed according to Lemma 1 or Lemma 3 (which

means according to Corollary 1). Then b/* = b} for 1 < i < n, i.e. d(B) =
d(B'). If on the other hand B’ is formed according to Lemma 2, then for
i<k-1, d(@,-(B)) = d(@,'(B')), because b;* =b} for 1 <j <:. But

k-2
d(esk_l(B'))=|b';.1|H|b:t<f [T 1ezl= \/gd(ek_l(B))-

=1 i=1
For i > k, ®;(B) = ®,(B') and so again d(6;(B)) = d(®;(B')). This implies
that d(B') < \/gd(B). Therefore if Lemma 2 is applied ¢ times, in all we have

e<d(BY) < (z)t " d(B) |

which for t sufficiently large is not possible.
We note that because of d(&x(B')) = d(B(B)), in the case of Lemma 2

we can settle on
6%y - 105 = |bk_s] b

(which also sidesteps a wearisome calculation). In this way we can set out the
following programme scheme (put B; = Ib;l 2):

fori=1,...,ndo
b :=b;;
forj=1,...,i—1do
Hiy —< bnb > /BJr
b} :=b? p,,b],
end;

B; :=< b*, b} >;
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end;
k:=2
(1) for £ =k —1do (*)
if By < (f‘} —/.li,k_l) Bi_1 go to (2);
forl=k—-2,k-3,...,1do (*)
if k=n+1, end;

k:=k+1;
go to (1);
(2) p:= prk-1;

B := By + p?Bj_3;
Kkk—1 = pBy_1/B;
By := By_1By/B;
Bi-1 = B;
(br—1,bx) := (br, br_1);
forj=1,...,k—2do
(Bk-1,5, Bk 5) 7= (Bk,5> BE-1,5);
end;
fori=k+1,...,ndo
G € men e ) e
end;
if k> 2then k:=k—1;
end;
go to (1).

(*) if |pk,e] > 1/2 then;
r := nearest integer to pu ¢;
b := by —rby;
forj=1,...,£—1do
Hk,j i= Bk,j = THe,j;
end;
Pkt = ke =T
end;

We can now pose the question of how many calculation steps are necessary
in order to transform (by,...,b,) into a reduced basis. For special lattices &,
Lenstra, Lenstra and Lovéasz have shown:

Let & be a lattice in R™ and (by,...,b,) a basis for &, so that
< b;,b; >€ Z for 1 < i,j < n. Let B = max (2,|b1|2 ,...,|b,.|2). The num-
ber of calculation steps necessary to transform (by,...,b,) into a reduced
basis is < cn* log B, where ¢ > 0 denotes an absolute constant.

We note that the assumption for & is satisfied if ® C Z". Iffor1 <:,7<n
it happens that < b;,b; >€ Q, then we have to multiply by some suitable
number m € IN in order to reach < mb;,mb; >€ Z. From a reduced basis for
m® we immediately obtain one for &.
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An algorithm in IR", for which there exist constants ¢,k > 0 so that it
breaks off after at most cn® calculation steps, is called an algorithm which
works in polynomial time.

Now we come to the applications. For these we need

Proposition 1. Let (by,...,b,) be a reduced basis for R". Then
(1) for 1< j <i<n, |bj|* <21 b3

(2) TIie, 1671 < TTic, [bs] < 27=D/A [T, |67

(3) |ba] < 2=D/A T, [b3]/".

Proof. (1) Because < b},b}_, >=0,for1<i<n

LM} “’ | = i1 [} 1|—2|b |
and it follows by induction on ¢ — j, that for 1 < j <1 < n,
x|2 i—) |R*|2
|B5]" <277 |5
Furthermore, for 1 <i < n,

ol = 67+ S [ < o+ 2 Zzww*

J.—
= (3+277) i <27 i
Hence, for1 <j <i<n,
b <27 [b3]" < 2 oy’
(2) For1 <i<n,

T
6 = 3" w2 63" > Ib}[*

i=1

from which the first mequality follows. The second follows from (1), since
|b;] < 26-D/2|b¥| and 0 i = 3(n — 1)n.
(8) By (1),for 1 <i<n, we have
|by] < 26-1/2|b}|, so that

n
b < 2D/ T ez

which is the assertion. O
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Corollary 2. There ezist an algorithm (working in polynomial time), which
for given rational numbers a;,...,an and €, 0 < € < 1, determines integers
P1y...yPp and g, such that 1 < g < 2™Mn+D/4e=n gnd for 1 <i<n,

|pi — qoi| <€ .

Proof. Let e1,...,e,41 be the standard unit vectors in R"*! and b =
(—a1y...,—an, 27" +D/4en+1) Let B = (ey,...,en,b) and & the lat-
tice spanned by B. Then d(®) = 2~ ™n+1)/4gntl apd for 1 < 4,j < n,
< ¢;,b >€ Q, < ej,¢; >€ Z. Let (by,...,bn41) be a reduced basis for &.
Because b; € &, there exist p1,...,pn,q € Z with

bl = (Pl — qai,...,Pn — Qnq, q2—("+1)"/4€n+1)

By Proposition 1(3) we have |b;| < 27/4d(®)!/("+1) = ¢, Therefore, for 1 <
i <1, |p; — aig| < € and |g| - 27" HD/4gntl < ¢ e, |g| < 2MHD/4emn If ¢
were equal to 0, then because ¢ < 1, for 1 <i < n, p; = 0 and hence b; = 0,
which is impossible. Thus ¢ # 0. If ¢ < 0, replace p; by —p; and ¢ by —¢q. O

We come now to application (3) announced at the start. For this we first
need

Corollary 3. There ezists an algorithm (working in polynomial time), which

for given rational numbers a;,...,a, and given ¢, 0 < € < 1 (so that
g=1-1/no(nt1)/4 ¢ Q) determines integers my,...,m, and q so that, for
1<:<n,

n
Eaimi +4q

=1

Imi| < 20D/ 4e=1/m (my ... ma) #(0,...,0)and <e.

Proof. Let ¢ = ¢~171/n2(n+1/4 and for 1 < i < n, let b; = ¢; + cajenyy
and bpyy = (0,...,0,c). Then, for 1 < i,j < n+1, < b;,b; >€ Q. Let
& =12Zb, + ...+ Zbyy. Then d(B) = c. Let (b],...,b!) be a reduced basis
for &. Then

0< 'blll < 2n/4cl/(n+l) - 2(n+1)/46—1/n .

There exist integers my,...,m, and g with
n
b = (ml,...,mn,cz mia; +cq)
=1

It follows that
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n
cz m;a; + cq| < on/4l/nt1 , le.
=1
n

E m;a; + q| < on/tc—n/(nd1) — o

=1
If all m; = 0, then because ¢ < 1, ¢ = 0 and hence also b} = 0, which is
impossible. O

We note that Corollary 2 and Corollary 3 only make sense, when ¢ is not
made too small, i.e. the m; cannot be taken too large. If the m; reach the
order of magnitude of the denominators of the a;, then the existence becomes
trivial. This holds also for the following corollary.

Corollary 4. There ezists an algorithm (working in polynomial time), which
for given rational numbers ay,...,an ande (0 < € < 1/4 and e~1/m2(n+1)/4 ¢
Q) determines integers my,...,my, so that, for 1 <i<n

Im;] < 20 +D/4e=1/7 (my ... m,) #£0 and

n
E mia;

i=1

S 461—l/nnK2(n+l)/4 .

Here K = max1_<_,-5,. |a,~|.
Proof. Let k (€ @) be so chosen that
€+ kKn2(mD/4g=1/n — 179

Using Corollary 3 choose integers my,...,my,q so that, for 1 <i <mn,

n
Z kaim; +q| <e .
i=1

Imi| < 2HD/4e=1/m (my ... ma) #£0 and

Then n
lol Se+k loilImi| < € + Kk2m D4~ g =172

=1

so that ¢ = 0. Therefore

n
E a;im;

i=1

< efk = 2eKn2 D/ 4c=1/m (1 _ 9¢) < 4e? "V gt/

Applications (4) and (5) now follow without further comment.

Remark. With the results obtained it is possible to give an algorithm, which
decomposes the polynomial f(z) € Z[z] into irreducible factors, or, which
amounts to the same thing, finds a single irreducible factor. First translate
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Corollary 4 to numbers in Q(z). Then look for an (almost) zero a € Z(¢) for
f(z). This is possible in polynomial time (see S. Smale, Proc. Int. Congress of
Mathematicians, 1986, Vol. 1, pp. 172-195). Then using the pattern suggested
by application (4), we look for the minimal polynomial m(z) of a. This will
then be an irreducible factor of f(z).

In the work of Lenstra, Lenstra and Lovasz referred to, one finds yet
another algorithm. ’
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') H.Davenport and W.Schmidt (Symposia Mathematica, Vol. IV, INDAM, Rome,
1968/69 (Academic Press, London 1970)) proved the following: if @ = [ao;a1,...] is
the continued fraction expansion of the irrational number «, and if

v(@) = limaoo [0;ant1,--.] - [0;@n, an41,...]

then

_Pl._C
@ n|<nN

has infinitely many solutions for sufficiently large N if and only if

1

cC> — .

1+9(a)

?) The inequality .
_P| . 2

|a n < n?

can, as shown by A. Hurwitz, be sharpened to

1
V5n?

(see Exercise 20 in Chap. 1). A larger factor than v/5 in the denominator is not
possible (compare Niven-Zuckerman, p. 189ff, 221ff, loc.cit.).
In 1948 A.V. Prasad (J. London Math. Soc. 23) proved the following: if pn/qn

is the nth convergent fraction of (v/5 — 1)/2, and if for n > 1

a—£|<
n

c,.=%(\/5+1)+’—’ﬂ'—‘—1 :

q2n-1

then
1

cnq?

q

a—£'<

has at least n solutions in coprime numbers (p,g). There exist numbers a - for
example @ = (/5 — 1)/2 - so that this inequality has exactly n solutions of this
kind. ‘

3) The proof of Corollary 6 given by R. Apéry was published in 1981 (Mathéma-
tiques, Bull. Sect. Sci. III). The proof given here is due to F. Beukers, Bull. London
Math. Soc. 11 (1979).



Addenda 185

*) I in Proposition 2 one puts @1 = az = ... = ar = 1/N one sees that the
inequality n < N¥ cannot be sharpened. If on the other hand one replaces

pe| 1
|a4 n|<Nn
by
pe 1
Y ) P
|a¢ n|= Nn’

then G. Kaindl (Sitzber. Osterr. Akad. Wiss., Math. naturw. KI. I, 185 (1976)) has

shown that
NE-1

N-1
is attainable. F. Langmayr asserts (Monatshefte Math. 20 (1980)) that this inequality
also cannot be sharpened.

nSNL—-

®) H.Davenport and W.Schmidt (Acta Arith. 16 (1969/70)) have shown the follow-
ing: If A < 1 and if in Proposition 2 (resp. Proposition 3) we replace the inequalities

L
1 1
|a¢—%| < _Nn resp. ;alm—p <~N-
by 5
A
oy — % < I—V; resp. ,E_l ang —p|l < %

then (in the sense of Lebesgue) the corresponding conclusions no longer hold for
almost all a1,...,aL.

) As R.Tichy (Monatshefte Math. 88 (1979)) has proved, one can replace the

bound
NM/L

NM_H e
N-1

by

in Theorem 2, provided one is satisfied with the weaker inequality

L
E AmNL — Pm

=1

1

<=.
- N

") Hurwitz’ inequality (see Addendum ?) can be altered for a non-integral 3.
H. Minkowski proved that one can find infinitely many pairs of integers (p,n) with
the property
jon B~ 5l < 7
ST

J.H. Grace showed subsequently that the constant 1/4 is the best possible (Proc.
London Math. Soc. (2), 17(1918)). J. H. Grace carried out his proof with continued
fractions. E. Hlawka found a direct argument (Monatshefte fiir Math. 47 (1938)).
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8) Theorem 2 was generalised by Kronecker himself in the following way. Suppose
that real numbers aym (£ = 1,...,Ly,m = 1,...,M) and B (£ = 1,...,L) are
arbitrarily preassigned. For each arbitrarily chosen small £ > 0 there exist integers
nm (m=1,...,M)and p, (£ =1,...,L) with the property

M
Z UmNm — Bt — Pt

m=1

<e £=1,...,L,

if and only if for all integral hy (£ = 1,...,L) the integrality of the M numbers

L
E hlalm, m=1,...,M,
=1

implies the integrality of

L
Z heBe
1=1

(compare Exercise 9 of Chap. 3).

®) H. Weyl formulated Corollary 5 even more generally. If p(z) is a polynomial, in
which, apart from the constant summand, at least one irrational coefficient occurs,
then already modulo 1 the sequence p(1),p(2),...,p(n),...is uniformly distributed.

10)  Behind van der Corput’s inequality hides a very general principle. One finds it
in its most general form in R.J. Taschner (Monatshefte Math. 91 (1981)).

11} Basic facts from the theory of quadratic number fields can for example be found
in Hlawka-Schoissengeier, p. 139ff., loc.cit. or in Niven-Zuckerman, p. 273ff., loc.cit.

Using the notation in the book of Hlawka-Schoissengeier we append a discussion
by Rabinowitsch on prime factor decomposition in a class of quadratic number fields
as an extension of unique decomposition in Z(%).

Let O4 be Euclidean, then one can write each o from Q4 with [N(a)| > 1 as a
product of prime elements:

a=mm...TK .

This representation is uniquely determined up to units and the order of the factors.
We show this in an analogous way to the integers Z and the Gaussian integers Z(7),
by first choosing for each pair a,8 # 0 from Oy a greatest common divisor §. This
is possible by repeated use of the Euclidean algorithm, which shows the existence of
integral elements £, with § = aé+ 7, and it follows that a prime element 7 dividing
the product af must also divide one of the factors a or 3. The property of prime
elements (Fundamental Lemma of Number Theory (compare Hlawka-Schoissengeier,
p. 9, loc.cit.)) contained in the last assertion forms the key to the proof of uniqueness
in the decomposition into prime factors.

In a non-Euclidean Q4 the uniqueness of prime factorisation is not guaranteed.
A counterexample is found in O_5 with the decompositions

21=3.7=(1+2V-5)(1-2V-5)

(compare Hlakwa-Schoissengeier, p. 155, loc.cit., Niven-Zuckerman, p. 17f., loc.
cit.). Nevertheless it is conceivable that for non-Euclidean 04 decomposition of el-
ements into prime factors may also be unique up to units and order. For this the
validity of the fundamental lemma may suffice, i.e. that from 7 | Ba for each prime
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element 7, 7 | @ or 7 | B follows. At this point Rabinowitsch starts from the following
assertion:

If for each non-integral element p from Q(\/Z) one can always construct integral
elements €, from O4 with
0<|N(p—m)<1

then the fundamental lemma holds in O4.

Indeed were the fundamental lemma to be false, there would have to exist some
prime element 7 and two integral elements o, 3 with 7 | ¢ but with 7t and 71 3.
For such a prime element 7 let A,p be the pair of integral elements a,3 with the
property above, and for which the norm |N(Ap)| takes the smallest possnble value
among all norms |N(af)|. Depending on whether |N()\)| > [N(1r)| or [IN(A)| <
[N(m)|, set p = A/m or p = m/. Since  does not divide A, A/ is not integral. If
conversely A were to divide w, then because 7 is a prime element A would have to
be associated to m, because w | Ap and w+p with A a unit is not possible. However
then m would have to divide A, and this also is excluded. Therefore in each case p
fails to be an integral element. Given the assumption there exist integral elements
&, n with

0<|N(pE-m)I<1.

In the case p = /7 from 0 < |[N(éX/m — n)| < 1 one obtains 0 < |[N(A¢ — m)| <
N(m)] < |N(A)|. For p = n/X from 0 < |N(én/X — )| < 1 one obtains 0 <
IN(7€ — An)| < |[N(M)| < |N(n)]. In all cases one can find two integral elements
®, % (which in some sequence are compatible with £,7), so that the integral element
v = Ap — w1 satisfies the inequality

0 < |N(v)| < min(IN(V)|, IN(m)]) .

|N(v)| < |N(7)| proves immediately that = + v. Neither does m divide u, however
v = App — wup. Finally the formula

IN ()| = IN@IN()| < INOYIN)] = [NOw)

contradicts the original choices of A and p, so that the fundamental lemma cannot
be false.

In order to prove the uniqueness of prime decomposition, following Rabino-
witsch, we must show that in Q(\/E) there are no “bad elements”, i.e. elements p,
for which for arbitrarily chosen integral elements &, i it follows that |[N(pé — )| > 1
for p€ — 1 # 0. The following five properties of bad elements are of importance for
the subsequent considerations.

(i) A bad element p always satisfies |N(p)| > 1.

(i) A bad element p cannot be a rational number.

(ii1) For all integral elements A, if p is bad, then so is p + A.

(iv) For all integral elements A, p bad implies pA bad, except when p) is itself an
element of 0.

(v) If in O4 the uniqueness of prime decomposition fails, then there exists a bad
element of the form 9

n—

p

p =
where p denotes a prime number, n is an integer with 0 < n < p and ¥ = Vd
(resp. 9 = (14 v/d)/2) depending on whether d # 1 or d = 1(mod 4).

Property (i) follows from the fact that in the contrary case, for 0 < |N(pf —
n)| < 1 one could set n = 0 and ¢ = 1. The second property follows from this, since
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for p from @), one could choose £ =1 and 7 the nearest integer to p. The third and
fourth properties come from the formulae

0 < |N((p+ )€ - )l

C=IN(pE-(m-2e)l <1,

0 < [N((pM)E — )|
=|N(p(A6) -m)I < 1.

In order to check the fifth property we first prove that there must exist at least one
bad element, which we can write in the form

a+bd

c

with a, b, c integral. The fraction is already so reduced, that no prime p dividing ¢
also divides a and b. Therefore since
< a+bd

.p:
p p

pr=

also fails to be an integral element, because of (iv) p1 must also be bad. If b/p were
integral, because of (iii) we would obtain a bad rational number

a
3PS 9,
contradicting property (ii). Therefore b and p are coprime, we can find integers z,y
with bz — py = —1, and by (iii) and (iv) obtain the bad element
az + (bz — py)d
pr = pr — g9 = 22+ (b2 = py)d
p
ar —
—5

If we put z = [az/p], then from az = pz + n with 0 < n < p we construct a bad
element of the form 9
n—

p=pmz=—r,

as required.
Up to this point our considerations are completely mdependent of d. From now
on suppose that d < 0 and d =1 (mod 4), i.e. that d has the form

d=1-4m

for some natural number m. We have

J =

1+vd
2 b

and the norm of  + yd = (2z + y + yV/d)/2 can be calculated as

2
N(z-{-yﬂ):w)—_d yT

4a: +4zy + y° v

1 +(m - 1)7

=:¢:2+a:y+my2
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If

denotes a bad element in Q(v/d), because N(p) > 1 it must be that
Nn-9)=n’—n+m>p’=N(p) .
n < p leads to
PP <n(n-1)+m<pp-1)+m
=p’—p+m,

i.e. to p < m. Since by our previous work at least one bad element of the form above
exists, this implies:

Prime decomposition in Oy4, for d = 1 —4m, can fail to be unique only, if among
the finitely many elements (n — 9)/p with prime number p < m and rational integer
n with 0 < n < p at least one bad element occurs. As we will subsequently show, this
i3 at worst the case, if one of the numbers n® —n+m withn =0,1,...,m — 2 is
distinct from a prime number.

If indeed all numbers
Nn-9)=n’-n4+m, n=0,1,....m -2,

are prime, there remain for a prime number p < m only the alternatives: p = N(n—4)
or p is coprime with N(n — 9). In the case p = N(n — 9), because

0<N(n—0)=N(n2—0)___1<1
p p p

and on account of property (i), (n —9)/p is certainly not bad. In the second case one
can find integers z,y with N(n — J)z — py = 1. Since N(n — 9) = (n — 9)(n - ¥'),
after division by p it follows that

n—1 1

(n=9z—-y==.
( )z —y p

For the integral elements £ = (n — 9')z, n = y, this leads to

n—19 1
0<N( » 6—1])=?<1,

and in this case also (n — J)/p cannot be bad. Even more actually holds:

If one of the numbers N(n —9) =n? —n+m, withn =0,1,...,m — 1 is not a
prime number, then prime decomposition in O; cannot be unique.

Two considerations precede the proof. Firstly for y # 0 and z + y9 integral
N(z + y9) > m. For on the one hand we have

N(z + y9) = «° + zy + my®
) ? ( _l) 2> __1_
(=+%) +(m-3) v 2m-3

and on the other N(z + y9) is integral. Secondly for all n = 0,1,...,m -1, n — 9
shows itself to be a prime element, since an integer other than £1 can certainly not
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divide n—9. If a decomposition n —9 = af with integral elements a, 8 not belonging
to Z were to exist, then for N(a) > m, N(8) > m we would have

m? < N(@)N(8) = N(n - 9)

=n2—n+m<m2—m+m=m2

which would be absurd.
Furthermore, if for n = 0,1,...,m — 1 the natural number N(n — 9J) were not
prime, then in addition to the decomposition

N(n—9) = (n—9)(n-9)

into non-rational prime elements n — 9, n — ¥, there would have to exist a decom-
position
N(n—-9)=pip2...px

into prime numbers with K > 2. Even if this product could be split further into
a decomposition in Oy consisting of prime elements, it would nonetheless remain
essentially distinct from the decomposition above, because then more than two prime
elements show up as factors.

Next one defines the polynomial

f@)=2+z4+m

subject to the condition that N(n — 9) = f(n — 1). Since N(—9) = N(J) and by
the uniqueness of prime decomposition N(m — 1 —9) = f(m — 2) is also a prime
number, one can collect the earlier considerations together in the following way.

If given the natural number m, d = 1 — 4m, then the theorem on unique decom-
position into prime factors holds in Oy if and only if

flxy=2z*4+z4+m
i3 a prime number for all integers x = 0,1,...,m — 2.

For m = 2,3 the f(z), z = 0,1,...,m — 2 are clearly prime numbers. In this
way one obtains the Euclidean domains O_7 and O-;; (compare Niven-Zuckerman,
p. 282f., loc.cit.). m = 4 does not satisfy the condition, since already f(4) = 4 is
no prime number. Calculating f(x) for m = 5 and 2 = 0,1,2,3, gives only prime
numbers; the same holds for m = 11,17,41 and the corresponding f(z). Euler had
already studied the polynomials z2 +z +17 and % +z +41. It is worthy of note that
the quadratic polynomial 2? 4 = + 41 gives only prime numbers for the 40 successive
values of the argument z = 0,1,...,39.

The theorem of unique decomposition into prime factors holds in the domain Oq4
with
d=-1,-2,-3,-7,-11,-19,-43,-67,-163 .

For d = -1,-2,-3,-7,—11 this is true because the domains are Euclidean
(compare Niven-Zuckerman, p. 282f., loc.cit.), and for the remaining d one has only
to substitute m = 5,11,17,41 ind =1 — 4m.

Gauss already conjectured that for only finitely many negative values d does 04
process the property of unique factorisation. Heilbronn succeeded in giving the first
proof of this conjecture by applying analytic techniques. Lehmer calculated that
apart from the values introduced above in discussing the unique prime decompo-
sition of elements from Oy only values of d < —6 - 10° were in question. After a
flawed proof of Heegner, H. M. Stark and A. Baker (Michigan Math. J. 14 (1967))
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showed that only the values of d written down above possess the property that prime
decomposition in Q4 is unique.

12)  The estimate O(VN/N) of the remainder is in no way sharp. The Dirichlet
divisor problem poses the question of the infimum of all @, for which

N
1 z N®
-JV- . ‘r(n)—logN+2C—-1+O(T)

remains correct. G. H. Hardy and E. Landau proved that © > 1/4 (Proc. London
Math. Soc. (2), 15 (1916)). In the other direction H. Iwaniec and J. Mozzochi were
able to prove @ < 7/22 (J. Number Theory 29 (1988) 60-93). For the best result
until now we refer to W. Miiller, W. G. Nowak (L.N. 1452, Springer- Verlag).

13} The estimate O(V'N/N) of the remainder is in no way sharp. The Gauss circle
problem poses the question of the infimum of all @ for which

%-ir(n)=w+0(—ljv—9)

n=1

remains correct. G.H. Hardy and E. Landau proved that ©® > 1/4 (see Landau,
Vorlesungen iiber Zahlentheorie, 2. Band, p. 183ff., Hirzel, Leipzig, 1927). In the
other direction H. Iwaniec and J. Mozzochi were able to prove @ < 7/22 (J. Number
Theory 29 (1988) 60-93). For the best result until now we refer to W. Miiller, W. G.
Nowak (L.N. 1452, Springer-Verlag).

%) The Riemann (-function satisfies the functional equation (see Exercise 15,
Chap. 5).
r%r (-;—) -((s) = FTr (1 ; s) -¢(1-39)

and can therefore be treated as a meromorphic function defined on all of C with a
single pole at s = 1 (compare R.Taschner, Funktionentheorie, p. 135ff., Manzsche
Verlags- und Universitatsbuchhandlung, Wien, 1982). From the functional equation
one reads off that the only zeros of ((s) with Re(s) < 0 lieat s = —2,—4,—6,... (see
Exercise 16, Chap. 5). By a conjecture of Riemann all the zeros with 0 < Re(s) <1
lie on the line Re(s) = 1/2. Until now this Riemann conjecture has been neither
proved nor disproved. The functional equation shows further that the zeros must be
symmetrically positioned about the line Re(s) = 1/2; because {(s) = {(3), they also
lie symmetrically about the real axis (see Exercise 16, Chap. 5).

15) In spite of the fact that the polynomials z* + z + 17 and z? + 2 + 41 pos-
sess only prime values for the first 16 or 40 non-negative integral arguments (see
Addendum '), there can exist no polynomial p(z) with the property that it only
represents prime numbers as z runs through all integral values, except for the trivial
example of a constant polynomial. Indeed if p(n) is a prime number, for each integer
m p(n) divides the expression p(n + mp(n)) — p(n) and hence also p(n + mp(n)).
Accepting the requirement above p(n+mp(n)) = p(n) for all m, and this is impossi-
ble for a non-constant polynomial. Given this a result of V. Matijasevi¢ (Sov. Math.
Doklady 11 (1970)) is even more remarkable, by which there exists a polynomial
in several variables, which on the substitution of natural numbers always delivers
prime numbers, provided the value is positive, and in this way generates the set
of all prime numbers. If one admits the degree 15905 for the polynomial, one can
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limit the number of variables to 10 (Zapiski nautsch., Sem. Leningrad Otd. mat.
Inst. Steklov 68 (1977)). J.P. Jones constructed a polynomial of this kind in the 26
variables a,b,...,y,z (Notices of the A.M.S. 1975) namely

(k+2)(1—(wz+h+j-q7 —((gk+29+k+1)(h+5)+h—2)
- (16(k + 1)*(k +2)(n +1)" +1 - f*)’
—(2n+p+qt+z—e)l —((e+2)(a+1)}+1-0%)
—((a® = 1)y +1 —2?)* — (16r°y*(a® — 1) + 1 — «*)?
- (((a+4?(u* = a®))’ = 1)(n + 4dy)* + 1 - (= + cu)’)’
(@ -1 +1-m* —(ai+k+1—L—1) —(n+L+v—7y)
—(p+4€a—n—1)+b2an +2a —n’ —2n —2) — m)’
— (z — pm + pl(a — p) + t(2ap — p* — 1))?
—(g—z+yla—p—1)+s(2ap+2a—p’ —2p—2))°) .

16)  De la Vallée Poussin proved
n(z) =liz + R(z)

with
R(z)=0 (we“'s log ’)

for some positive §. After important preparatory work by Vinogradov, N. M. Korobov
(Uspechi Mat. Nauk (1958)) showed with the help of estimates of trigonometric sums
that

R(z‘) =0 (26—5(1051)8/5(108108 z)—1/5> )

Gauss had accepted the validity of the inequality m(z) < li z. To date no numeri-
cal counterexample is known; nevertheless J. E. Littlewood disproved the conjecture,
and also proved

lim (n(z) —liz)logz
= Jzloglogz
(w(z) —liz)logz
Vzloglog
(compare A.E. Ingham, The Distribution of Prime Numbers, Ch. V, Cambridge
University Press, 1932). By te Riele the smallest z with n(z) > liz is at most
6.69 - 10%°° in size (Math. Comp., 48 (1987)).

<0,

>0.

limx—‘oo

17) " From the prime number theorem it follows that, for arbitrarily chosen ¢ > 0,
there is always some prime number lying in the interval [z,z + £z], so long as z is
sufficiently large. Otherwise one would have

0=n(z+ezx)— n(z)

=< T +ex z )(1+o(1)),

log(z + ex) " logz

hence

1+e¢

1=W'108-"3'(1+0(1)) ;
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which cannot be true. It is even conjectured that for > 1 there is always some prime
number lying in the interval [z, z++/Z]. If one fixes z = pn, the nth prime number, it
follows from this that p,41—pn < /Pn, a conjecture already formulated by Legendre.
Hoheisel showed (Berl. Sitzungsber. 1930) that there exists some @ < 1 with the
property that, for sufficiently large z, there always exists some prime number in the
interval [z, z 4+ z°)]. By Mozzochi (J. Number Theory 24 (1986)) one has

Put1 —pa =0 (p}‘051/1920) )
Another old conjecture says that for z > 2, y > 2,

m(z +y) < m(z) + 7(y) ,

i.e. that in the interval [z,z + y] there lie at most as many prime numbers as in
the interval [1,y]. Although in the special case of large « and y = z this conjecture
has been proved, there are reasons for supposing that in general it is false (see
J. Richards, Bull. A.M.S. 80 (1974)). Montgomery and Vaughan (Mathematika 20

(1973)) have proved
2y
< 2J
(e +9) < 7(s) + ol

and

m(z +y) < () +27(y) -

%) The Riemann conjecture (compare Addendum *) is closely connected with the
asymptotic behaviour of
> un)

n<z

for large . It is correct if and only if

> () =0 (a1**)

n<z

holds for each positive €. A conjecture of Mertens, by which one already always has

Z u(n)

n<z

vz

has been disproved by Odlyzko and Riele (Report of the Department of Numerical
Mathematics, Center for Math. and Comp. Science (1985)).

19) If the great Riemann conjecture, by which the non-trivial zeros of L(x,s) for
primitive x lie only on the line Re(s) = 1/2, were to be proved, one could show the
existence of a constant C' > 0 with the property

1
m(z;a,m) — —=liz| < C -y/zlogz
( )= oy ie| < Vz log

for 1 < m < z, for all m coprime with a and for all z. Montgomery (Topics in
Multiplicative Number Theory, Springer LN, vol. 227) showed
2z

1r(a:;a,m) < W .
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C.L. Siegel showed (Acta Arithmetica 1 (1936)) that for each ¢ > 0 there exists
some §(¢) > 0 with the property that for all moduli m, all real Dirichlet characters
modulo m, and likewise for all s > 1 — §(e)m™*, L(x,s) # 0. From this one deduces
the prime number theorem of Page, Siegel and Walfisz. It says: for each positive A
there exist positive constants ¢ and C with the property that for all moduli

m < (logz)*
and all a coprime with m the inequality
w(z;a,m) — —l—lim <C.x-e Vs
#(m)

holds.

By Rodosskii (Izv. Akad. Nauk. SSSR 12 (1948)) there exist two positive con-
stants ¢,C so that for all £ > 3 there exists at most one natural number m with the
following property. If the modulus m satisfies

m -<_ 1‘c/ log log =

and is no multiple of m, then for all @ coprime with m one has

C

n(z;a,m)/ -1 < Eg_x .

-z
@(m)log x

If for coprime @ and m p(a,m) denotes the smallest prime number with p = a
(mod m), it follows from the prime number theorem of Page, Siegel and Walfisz that

pla,m) =0 (em‘)
for each € > 0. On the other hand from the great Riemann conjecture it follows that
p(a,m) = O (m***)

for each ¢ > 0. In any case Linnik (Mat. Sbornik 15 (1947)) has shown that there
must exist some positive constant ¢ with

p(a,m) <m® .

20) ' The elementary proof of the prime number theorem is due to Erdés (Proc. Nat.
Acad. Sci. USA 35 (1949)) and to Selberg (Ann. Math. (2) 50 (1949)); the original
proof to Hadamard (Bull. Soc. Math. France 24 (1896)) and to de la Vallée Poussin
(Ann. Soc. Sci. Bruxelles (2) 20 (1896)). The simplest proof until recently resting
on the full Tauberian theorem of Wiener and Ikehara can be sketched as follows.

By the Riemann-Lebesgue lemma, for each complex-valued and integrable func-
tion f(z) defined on the interval [a, ] the equation

b
lim / f(z)e*"de =0

A= o0

holds. For this the proof goes as follows: first suppose that f(z) = cs(z) is the
characteristic function of an interval J with end points a’ and b’. Then '
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b . b
/ f(z)e**dz = / e de
_ 1 o i)\a') _ 1
) (e € _O(|A|) :

With this it is clear that the conclusion of the Lebesgue-Riemann lemma is true for
step functions. For an arbitrarily chosen integrable function f and for an arbitrarily
small positive ¢, one can then find a step function g with

b
/ () - o(z)ldz <c .

Since for some sufficiently large A¢ for all A with |A| > A¢ the inequality

/a b g(z)e**de

b .
/ f(z)e**dz

/ (f(=) - g(a))ede

<¢g,

holds, from

< +

b
/ 9(z)e*de

b
< / 1f(z) = g(e)ldz +¢ < 2

the Riemann-Lebesgue lemma follows in full generality.
A second preparatory step concerns the evaluation of the integral

1 2 [\ itu _sin2u
3 /:2(1—2 e'ttdt = ik

which is achieved by direct calculation. Thus

1 2 Itl itu
2/_2<1— 2)6 dt

= _L (621'14 _ e—ziu) _ l /2 teitudt + l /0 te:’tudt
2iu 4/, 4/,
2
= lsin2u - l / t cos tudt
u 2 o
1 sin? u
= m(l ——cos?u) = —z

For u = 0 the conclusion remains true, if one extends continuously.

The statement of the Wiener-Ikehara Tauberian theorem reads: if ¢(u) denotes a
real-valued, non-negative and monotone decreasing function, defined for non-negative
u, for which in the region Re(s) > 1 the integral

J(s) = /o " o(w)e " du
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ezists, and if .
J(S) - 3—_—1 = F(.s)
can be considered as a function continuous in the region Re(s) > 1, then
lim p(u)e™ =1 .
U—>00

In contrast to Newman’s method of proof only the continuity and not the holo-
morphic property of the function F(s) is required, and no growth condition of the

form
p(u) = O(e*)

is supposed . As a result the proof of the stated Tauberian theorem is much more
subtle. It rests on a sequence of assertions:

(i) For each positive ¢ we have
p(u)e™ = 0(e™) .

This follows from
% +F(l4+¢)= ] p(u)e ™ e "du
0

o0 o0
> / p(u)e ™ e "du > op(z) - / e~ () gy
T T

_ 1
T 1+4¢

-<p(:z:)e_x(1+€) .
(ii) If p denotes the integral

0o .2
sin” u
p= 2 du ’
u
-—00

then for each positive A we have

00 . 2 _
lim/ f’_'l._’\iz_._u)_duzp.
0

T—00 /\(1‘ - u)2

Indeed if one substitutes A(z — u) = v, one obtains

0 . 2 _ _ —-00 . 2
/ sin® \(z u)duz__l./ sin" v y2,
0 Az

Az — u)? A Ap?
from which the assertion follows.

(iii) For each positive A\ we have

oo . 9 _
lim lim / (p(u)e™ —1) e~ - sin” A(z — u) du=0.
0

T—00 e—0+40 (1' - ’U)z

This can be justified as follows: In the region Re(s) > 1 we have

F(s) = ./:o (go(u)e"" -1) e~ gy |
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If in (i) one replaces ¢ by £/2, then from || < 2 and u > 0 we deduce that
1 it - —eu_—itul
(1 - -2-]t|) et (cp(u)e *— 1) e e
=0 (etu/ZC—eu) =0 (e—eu/z) .

From this we have

/00 (¢(u)e"“ - 1) e~ . M du

(z—u)?

0o : 2
SAZ. / (p(u)e™ - 1) e . / (1 - %‘-) et du
0 -2

2 ¢ 00 .
. /\2 . / (1 _ 'IE') eitkz . / (‘p(“)e—u _ 1) e—u(€+lt,\)du dt
-2 0
: [t]) iex ) '
A2 / (1 - 5) e F(1 4 ¢ +itA)dt .

-2

Nl N~ ol

Choosing (¢,t) to liein 0 <& <1, =2 <t < 2 one can bound

(1 - %) e F(1 4 +it) .
Since F(1 + it)) is continuous for —2 < t < 2 we have

0o .2 _
lim / (p(u)e™ —1) e . 2220 Az —u) 4

e—0+40 J, (z — u)?
2
1., / (1 - ﬂ) e TR(1+at\)dt .
2 L, 2

With the variable ¢ lying in the interval —2 <t < 2 the function

[t] .
(1 - -2—) F(1 +it))

is continuous and hence integrable, and (iii) follows from the Riemann-Lebesgue
lemma.

(iv) If p is defined as in (ii), then for each positive A we have

. © —u sin® Mz — )
lim / p(u)e™™ - —Wdu =Ap .

T-—00
0

Indeed . =
0 < e—cv . SR Mz —u) < Sin Mz —u)
< G-wr S (-

and choosing the variable u to be non-negative

sin? A(z — u)
CEIE

is integrable. Therefore
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oo .2 _
lim / e~ AP Az - u) du
0

e—0 (z —u)?

o . 2 _
=/ sin” A(z u) du
0

e

so that from (ii)

oo .2
lim lim / Lt k)
c—oc0e—0+0 Jo (z—u)

follows. If this is added to the result obtained in (iii), one obtains the formula

1) . 9 _
lim lim / p(u)e e " - wdu =Ap .

z—00 e—0+0 J; (z — u)?

The association of £ to the integrand is monotone decreasing, so, because of the
positivity of the integrand, allowing £ to go to the limit and interchanging this
operation with integration, justifies (iv).

(v) The inequality limz— cop(z)e™" < 1 holds.
From now on let A > 1 and ¢ always be positive. There exists some number zo(e, \),
so that for 2’ > zo(e,\), because of (iv), we have

@ <m/ _ L) e-z'_.l/\/x . =41V sin? )\(x' - u) du
/ 2
\/X . z'—1/VX (IL‘ - ’ll.)

/J‘JH/‘/X sin? Mz’ —u)
x

< p(u)e™ - ————du
r—1/VX () (z/ —u)?
e sin? Az’ — u)
< plu)e™ ——=———du< Ip+e¢ .
| etwem S

The first integral satisfies

='+1/VX sin? A(z' — u) VA sin?v
—_— du=\- 5 dv
z'—l/\/x (:L' —-u) —\/X 124

and is independent of z'. For ¢ > zo(¢,\) and &’ = z + 1/V/}, from

N ) -1
—_—— o)
e ) ([ 54

one deduces

\/X ) -1
limg—cop(z)e™ < 62/\/3 (p+ _E_) / sm2u dy ’
A S v

so that (v) follows by taking the limit as ¢ — 0 and A — oo.
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(vi) The inequality lim,_,  o(z)e™ > 1 holds.
For z' > 1> 1/v/X the formulae

# U Gin 2z’ —u) du = 3 sin?v v
A Az' —u)? et VP
oo _ 0 . 2
/ sin ,\,(:c 2u)d / s1n2VdV
o1 41/VE Mz — u) Y a4

are valid. Because of (v) there exists a constant K with ¢(z)e™® < K because of
(iv) there exists some z; (e, A) so that for 2’ > z1(e,\) — 1 we deduce that

and

Ap—c¢

z'+1/VX 2! —1/V/X o 2 '
< / +/ +/ ga(u)e_“-————sm :\(a: 2u) du
o' =1/VX 0 o' +1/VX (z' —u)

s v . 2 0o . 2
<e :t:'—i—l e~ UV ). IR Y dy+ 2K\ - Y
\/X -V 2 X 2

Starting from = > z1(¢, ) and 2’ = z — 1/V/A > z1(¢, A) — 1 it follows that
g

N5y v sin v * sin?y
Ap—e < p(z)e "/ Vr A / — dv + 2K\ / dv
-z v VX

2

This implies that

Ap—e<lim__ _p(z)e™™ AL / ﬂ—l: dv

+'2K,\-/
Vi

Passage to the limit as ¢ — 0 leads to the estimate
(p 2K - f°° sin?y dl/) —2/VX

f_\/x snZr dy

Passage to the limit as A — oo finally gives (vi) and hence the conclusion of the
Tauberian theorem of Wiener and Ikehara.

sm v

dv

<lim, o p(z)e™®

1) As Landau showed the convergence

3 w(n) = of=)

n<z

is in elementary terms equivalent to the statement of the prime number theorem, i.e.
from the convergence the prime number theorem can be deduced by elementary con-
siderations (without the application of complex variable or Tauberian arguments),
and conversely. Related to this are the convergence statements
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(=]

(o]
prn) _ -1 p2n+1 _i
E n =0, E 2m+1 Tr

n=1 n=0

The second was shown first of all by M6bius, who had however to assume the exist-
ence of the sum , i.e. the convergence of the series. This can be justified as follows:

If f(n) denotes a bounded number theoretic function with

Y () =ofz) ,

n<z

S AR LSS fn) + o)

n<z kin

then

holds.

For some arbitrarily chosen ¢ > 0 let zo(¢) be chosen so large that for ¢ > zo(¢)
one can deduce that
> f(n)

n<z

If one writes § = /¢, z > zo(£)/$§, for éz < k < z it follows that

Yo @ <D+ Y. f6)

Sz<j<k i<k 1< <éx
<éek +ebr < 2z

Lex .

and

> {E- {5

fe<k<z—1 k k+1

- D -w- [
AN TSR kE+1

< X ()t (HR=1)
bx<k<z—1 k k+1 bz<k<z-1 k k+1
117 .2

<3+[3] <3

Abel transformation therefore gives

> {3
> ({1t oo g 5w

bx<k<z-1 bx<j<k br<j<z

Sz ) {%} {k+1}

bz<k<z-1

gzez(%+1)<6-%-z=6¢z-m.

+ 2¢x
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If one uses the boundedness of f — let M denote a bound for |f(n)| - from

> wfz)|-| £ wiz 3 o)
1<k<bz sz<k<z

1<k<s
<M -6z+6/c-z=(M+6)/e-z
one deduces the asymptotic representation

> {5} = o) -

k<z

This shows, as claimed, that

S AL o [2] 415 s {2}

n<z n<z n<z
1
==-%" f(k)- 1+ o(1
m;(); +o(1)
1
== k) +o(1) .
7c'ég;f() (1)

For f(n) = p(n)x(n), with a real Dirichlet character x modulo m the right-hand
side of this relation can be calculated. One has

.1 1
Jim —. YN uk)x(k) = oD
n<z kin
Indeed, since for each prime power
) u(k)x(k) =1 - x(p)
klp¥

holds, we have

> ulk)x(k) = [Ja-x@) 20 .

kin pln

If x is not the principal character, then because of
() _y~ L
D W

one can apply the Wiener-Ikehara Tauberian theorem (see Addendum 2°) to the

function
L(x,1)¢(s) 1
L(x,s) s—1

noting the positivity of

169 =1 =

P p*

and therefore also of L(x,1). This leads to the stated limit relation. If x = xo
denotes the principal character modulo m, and if pi,...,pk are the prime factors of
the modulus m, then clearly one has
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DD owbx= > 1.

n<z k|n n_p;'l p;(K <z

Given the condition under the sum sign the multiplicities vx are bounded by

log
Vi < [log2]

so that again

3 Y wbxk) < (]f,i;) = ofe)

n<z k|n

is valid.
In this way for real characters x one reaches the conclusion

#(n)x(n) 1
Z © L(x,1) -’

If one substitutes m = 1 (resp. m = 4 and for x the Dirichlet character modulo 4
distinct from the principal character) one deduces the relations

i _ i (D) u@n+1) _
- 2n+1 T
n=1 n=0
There is a further application in this direction for the so-called Ramanujan sums

Cn(k) - Z eZ‘n'jk/n ,

j(n):g.c.d.(j,n)=1

which agree with the Gauss sums calculated with the principal character modulo n.
An application of Vinogradov’s lemma gives the representation

cn(k) = Z u(h) - Z 2Tk _ Z u(h) - Z g2Tihtk/n

h|n j:hliln h|n t<n/h
n/h
rik h
=S 3 ey
hln

The inner geometric sum is only non-zero in the case of divisibility of k by n/h, and
here takes the value n/h, so that by putting » = n/h

w3 a(?)

r|g.c.d.(n,k)

remains. For Re(s) > 1 this gives the representation linked with a Dirichlet character
modulo m, i.e.
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i c,.(lc)x(n) Z Z r#( )x(n)n

n=1 n=1 r|n,r|lk
=Y Y M) = 3 xe Y L)
r|k n=1 rlk n=1
L(X,s) z”; x(r)r=? .

This also holds for s = 1, if in the transformation

Zc,.(lc)x(n)n—1 Z Z rp( )x(n)n

n<z n<z rin,r|k
=Y T 0 = Y k() 3 A
ik bl rik h<z/r

one passes to the limit as £ — oo.
If one puts m = 4 and takes x the Dirichlet character distinct from the principal
character, one obtains

L3 a0- 5 e

Lk n=0

43" x(®)

Lk

The sum on the left-hand side

here agrees with r(k) the of representations of k as a sum of two squares.
If one puts m = 1, then for s = 2 one obtains the formula

o~ ca(k) _ 6 6
ch(z)=;i"zl 12',}—22

n=1 Lk Uk

and in general for Re(s) > 1
i c
n=1

As has just been shown this relation also holds for s = 1, and because of

_ i cn(k)logn
ne

) CI(S) 1—~s _1_ 1—3 o
_c(s)z'zl =0 Ze log ¢

Lk Lk

1 1—-38
=@-Ze .

k

and the limit relations

$)

al{ﬂo-{(_s)- = .-_Tio ¢(s)?
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differentiation leads to

Z cn(k)logn - Z 1.

n=1 Lk

If one puts all these calculations together, one recognises that the elementary number
theoretic functions u(n), ¢(n), r(n), o(n), r(n) can be represented by Ramanujan
sums, using the formulae

m(n) =ea(1) ,
p(n) =ca(n) ,
r(n) = — Z tm(n)logm

m
m=1

o(n) = Z
r(n)=m- E __l___cgm,q(n .

2m +1

m=0

Essentially these relations date back to Ramanujan himself (Trans. Cambridge Phil.
Soc. 22 (1918)).

22)  R. Gupta and M. Ram Murty have shown (Invent. math. 78 (1984)) that there
exists some integer serving as a primitive root for infinitely many prime numbers.
In this connection Artin conjectured, that each integer other than —1 or a perfect
square is a primitive root for infinitely many prime numbers. Following a written
communication from P. Turan to E. Hlawka, there are infinitely many prime numbers
p, such that the smallest primitive root g(p) > 1 modulo p certainly satisfies g(p) >
clog p for some constant c.
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Solutions for the Exercises

Chapter 1

1. Put ¢=7,p=22. Then |77 — 22| = 0.008 ... < 0.02.
2. Put a = & . From |£ — p| < & it follows that g =pN > N .

3. (i) Let =4 ,b€IN. Then for all n € IN and v € IR (nb)"(nbe) = 0, hence
lim ¢"(ag) =0
7=
(ii) By Lemma 1 for n € IN there exists (pn,qn) € Z X IN with |ag, — pal| <
¢:! and lim ¢, = oco. It follows that {ag.) < gn'. Therefore for each

7n — 00

€ >0 gl (ags) < ¢7°, hence lim gi~*(agn) = 0. Therefore for each
n—00
e>0,p(a)>1-c¢.

4. For n > 0 we have 0 < Gpna — Pn = G» Z 91 - = y,.1+1(z"+‘ +
(o]
L —J—ﬂn+2 oo )» so that 0 < (Gna — Pn)gn41 = Zng1 + —E "_"k_g,,+;...gk . Fur-
=nt2 k=n+2
ther E < E et = Z gn+2 = (gn+2 —1)7! < 1, therefore
yn+2 73 ko2 g"+2

Zn+1 [Gn-{-la - Pngn+1] .

5. For n > 0let Gn = g1...9n,Pn = G’,.k-zlﬁ;,P,', = Ghn Zm T

By (4) Zn41 = [Gn+1a - P,,g,..,,l],w,..,_l = [G,.+1oz - Pngn+1] Therefore
21 = [Gira] = wy . If for 1 <7 < n we have already proved that z; = w;, then it
follows that P, = P, , hence zn41 = Wny1 .

6. By contradiction. Thus there exists an infinite set N C IN and some K > 0,
so that for all n € N ,q, < K. Then |pa| < ¢(qn) + |algn < 1+ K]|e|, so that
{(pn,qn) : n € N} would have to be finite.

7. The map (zn)a>1 — D, 222" is a bijection between Z and (0,1], so that Z

n=1
has the same cardinality as IR. Because g2 > 2, (5) implies that ¥ : Z — R
is injective. By the example in Chapter 1 we have 0 < |¥((2n)n>1) — ?;E‘,‘,'I <

G_M.T;_.ﬁ-_l) < ﬂ:—N"l , so that ¥ : Z — A(y). Hence A(¢) has the same cardi-

nality as Z and hence also as IR.
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For ¢ € IN let ¥(q) = lxaigqf-(bﬂl. By (7) A(¢) # 0. Let & € A(¢). We

show that a + @ C A(cp)-. Let 2 € Q,b € IN. By (6) there exist infinitely
many (pk,qf) € Z x IN with |agx — pi| < ¥(qr) and gx > b. It follows that

o+ § — PRI | = o — K| < Ly(qh) < s (bas) , so that a + @ C A(y).

. Let N e IN,a € A(p)N[—g,9]. By (6) there exists some ¢ > N and p € Z with

la—2| < ﬂqﬂ ,i.e.witha € (%—ﬂfl ) §+£E’22) . We have |p| < |a]g+¢(q) < 1+
(o2} [o2]
gq, from which it follows that A(¢)N[—g,9] C U u (%—-‘ﬂgﬂ , §+-“-’%ﬂ) }
N=14¢=N|p|<gq
If X denotes the Lebesgue measure of a set of real numbers, then for each N € IN

it follows that A(A() N[—g,g]) < 3 3 282 = 3 2(1 + 299)2¢(g) <
9=N |p|<gq 9=N

8 f;v ¢(q). Hence A(A() N [-g,9]) = 0.

(i) = (i) Let k € IN. For all t > k there exists (p1,q:) € Z x IN with
lo — 2| < ¢;7*" < ¢7*7! and ¢ > 1. Hence |ag: — pi| < ¢k(gr)-

Because ¢;: > 1 we have lim ff = a ¢ Q, so that {(pi,q:) : t > k} is
t—o00
infinite. Therefore a € A(pk).

(i) = (iii) Let k € IN. Then by (6) there exists (px,qx) € Z X IN with qx > k
and |a — %:I < ¢; 7%, so that {aqe) < |agr —pr| < gy ¥~! . It follows that
klim ¢¥(agr) = 0 and hence, for v > 0, that klim q; (agr) = 0. Therefore

—00 —00
for each v > 0,7n(a) > ~.
(iii) = (i) Let k € IN. Because lim ¢*~'(ga) = 0 there exists some ¢ > 1

7=
with (ga) < ¢'~%. There exists some p € Z with {ag) = |ga — p|, from
which a € L follows.

Let q(X) € Z[X], g(@) = 0, ¢(X) # 0, so that n = degg(X) > degm(X),
and it suffices to prove the assertion for m(X). Let 2 € Q. If |l — 2| > 1,
then |a — 2| > ¢¢g™" and we are finished. Otherwise m(2) # 0, because m(X)
is irreducible, and ¢" m(-qe) € Z, so that ¢7" < |m($)| = |m(a) - m(lq’—)| =
|a— 5||m'(mo)| for some o between a and 2 . It follows that |zo—a| < Jla—2| <

1, hence ¢7" < |a — 2|e1 < |a - %Ic"l .

(i) By contradiction. Let a € £ be algebraic, f(z) € Z[X] with f(a) = 0. Let
n = deg f(X). For k € IN there exists 1;-: € Q,qr > 1,with Ia—%:l < gk

By (11) there exists some ¢ > 0, so that cg;" < |a — %fl < ¢;*, which
gives ¢ < q,’:"k . Allowing k — oo we obtain a contradiction.

(ii) and (iii): Let ¢ : IN — (0,1] ,(q) = e~7 and for k € IN write @i(g) = k.

We show that A(p) C A(ypk). Suppose namely that & € A(p). Then there
exist infinitely many (pt,q:) € Z xIN with |ag: —p:| < e~ . For sufficiently
large ¢ we have e~% < ¢;%, so that @ € A(px). It follows from (10)
that A(¢) C L. Because of (7) and (8) A(y) is dense and has the same
cardinality as IR, hence also L.
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13.

14.

15.

16.

17.

18.

Solutions for the Exercises

(iv) By (10) £ C A(ep2). Since Y w2(q) < 00, by (9) A(w2) is a set of measure
g=1
zero, hence also L.
Let 8= ¢ € Q,b € IN. Let (pr,qx) € Z x IN be such that g > 1,|a — k| <
,that is, ¢ € L.
(i) We show that a8 € L. Because a # 0 we have |a| +b—2 < |a|b— 1, hence
la] 6%~ < (Ia|b)" < (2lel-128-1)k < (alelb-1yk < };;jj;;‘)k Therefore

APla —|a|bk k—
lag b‘qHﬁ' Ll gotob® < Lol gk (lal6*~") ™" = (bgjajsr) ™, and hence
aBeL
(i) We have b < 2'~" < g};", so that |a + 8 — 22ektotir| = | — Bik| < goF =

(6i5 b)"qbk < (bgs)~F,so that «+ B € L.

Let a € IR. We must show that there exist 8,7 € £ with a = 8+ v. We

distinguish between 4 cases.

(i) @ € Q. Choose B € L arbitrarily, then vy = a — 8 € £ (by (13)).

(ii) @ € £. Choose 8 =+ =% € L (by (13)).

(i) a € (0,1),a ¢ QU L. We apply the hint: we have py € Z and
p-mi= 3 pri= $ i< 5 ogmiogetes

i=(2k)! i=(2k+1)! i=(2k+1)!

2. (27BN 2R+ = 9.(2¢4)"* 1 < ¢7¥, so that B € QU L. Analogously
~v € QUL. If 8 were in @, then because @ = §+v,a would have to belong
to QU L. Therefore 8 € £ and analogously v € L.

(iv) If a € IR, let g € Z be such that & — g € [0,1). Let 8, € £ be such that
a—g=f+~.Thenby (13)8+g€ Landa=(8+9g)+7.

The first assertion follows from the fact that for n > 1 Z C F, . Let §

b
distinct elements of F,, then it follows that [$ — $| = Jﬂ‘l—b—ﬂ Z 52>,
implying the second assertion.

W.lo.g. let § < £. Because cb — ad = 1 Cramer’s rule gives z = —

f d

cf—ed,y=— Z' ;. =eb—af.Fromthisfollows:%<%<§@eb—af>0

andcf—ed>0& xz>0and y> 0.

(i) By contradiction. Let § < ¢ < § and % € Fn . Because |cb—ad| =1 by (16)
there exist ¢,y € IN with ar+cy = e,bz+dy = f. Hence f > b-14+d:1 > n,
a contradiction.

(i) With z = 1 = y it follows from (16) that § < £ < £, if wlog.
we assume that ¢ < §. From (a + ¢)b — a(b + d) = 1 it follows that
g.c.d.(a+¢c,b+d)=1,so that ¢ and £ are not neighbours in Fays C Fn .

(i) = (ii) We have d < y141 = y: +d, hence y» € IN, and also £+ —

ﬁﬂﬁ—’ﬁl sothat £ > $ & ad—bc >0 &> 5.

By (17) 2t and § are ne]ghbours in ¥4, and mdeed %L is the upper nelgh-
bour of £ ; , if thls is so for ¢ . Since this is uniquely determined, and § , § are
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neighbours in Fy, it follows that %:- = %, hence z; = a,y: = b. Therefore
ad — bec = sgn(ad — bc).

(ii) = (i) follows from (17).

19. Let ¢ < ate ¢ Wlog. let £ < a< & < £. We argue by contradiction:

b+d b4d
wehaveat—zvgb—,,”d a>mt5—a>7§d—,.By(18)cb—ad=l,
so that by addition we obtain 7 —= b(b+d) = - 7-(—17 + Zrld)’) and & =
£—-32 71-(—5+—,-) If we puta:_b,then 1t follows tha,t\/—>x+—a,nd
V5 >z 1+a:_+1 Therefore 2> — V52 +1< 0, 1e(:1:—-3£)2 < 1, so that
xE[L 3&'—] andz+1€[L AL'L] Thlsglvesz—L¢Q,

contradiction.

20. For n € IN let 3= and $* be neighbours in F, with $& < a < $*, and let

g 3-:,;:—;‘_'7:,3 be such that |a — 22| < 7—-— We need to "show that

1nf|a — 22| = 0. Let € > 0. Since U Fr = Q is dense in IR, there exist

k,l € N with (e —e,a)NFr #0,(a, a+6)ﬂf1 # 0. Let m = max(k,!). Then
(a—€,Q)NFm #0,(a,a+e)NFn #0,s0that a—e < $2 < a < 2 < a+te,
and therefore | — 22| < ¢, contradicting the definition of €.

Chapter 2

1. Let @ = (a1,...,as) € IR” be linearly independent over Z,& = Z" and
$H=Zo.Let B R and ¢ > 0. By Theorem 2 there exists some p € & and
q € Z, so that for 1 <4 < n |aig — Bi — pi| < - Therefore lag—p-P| <e.
Ifweputr:=ag—p € &+ 9, then [t — B < e. Hence & + ) is dense in R" .

2. By Theorem 1 there exist infinitely many (p,q) € ZxIN with |ag—p—B—¢/2| <
€/2,ie. —/2<aqg—p—PB—¢€/2<e[2. Therefore 0 < ag—p—pB<e.

3. In the following log denotes the logarithm to base 10. Then log2 ¢ Q, because
2= 10”/'1 hence 27 = 107 is not possible. Let 8 := 21 +2210~ Ty, +leO"N+1
Then B8 > 1 and ¢ := log(1 4 10~V*13~1) > 0. By (2) there exists (K,n) €
Z x IN with nlog2 —log8 —¢ > N and 0 < nlog2 — K —log 8 < €. Because
K > N,1058 € Z, and it follows that 10K8 < 2" < 4105 + 10X "N+, je.
2105 4 .. CFozn10K-NH L0 105N 4 F 0.1 < 20 < 210K ..+
an10K-NH 19 105N 4 491,

4. Let b’ be an integer with |b’ — B¢| < 1/2. Because g.c.d. (p,q) = 1, there exist
zo,yo € Z with b’ = pro — qyo . Let t be an integer with |t 4+ £ | <1/2,z =
zo + qt,y: = yo + pt. Then b’ = pz¢ — qys, |2:| < ¢/2 and qlar: -y - Bl =
al(a—2)zi—yi—B+22] < el 4o —que— Bal < Tz +16' Bl < 3(1+75) -
Here the equality sign cannot hold, if one distinguishes between the cases z; = 0

and z: #0.
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5.

Solutions for the Exercises

Let (pa,gn) € Z X IN be so chosen for n > 1, that |agn — pa| < 7534—; and
b, € Z be such that [b], — Bgn| < 1/2. Let (zn,yn) € Z X Z be so chosen that
Pnn — Yngn = b', and let zn(t) = Tn + gat,yn(t) = yn + put. Let t, € Z
be so chosen, that 1 < zn(tn) < gn,%n = Ta(tn),vn = yn(ts). It follows that
gn|oun—va—p| = qnl(a"h)“n_”n_ﬂ'i'unhl < 7"52_+|b;»'ﬂqn| < 71'+% » SO

that |au, — v, — 8| < (blci-) <2 JC*— .Now let A = {(un,vn) : n > 1}

be finite. Then there exists some ng , so that for infinitely many n, (un,vn) =

(#ng,vng) - Because nlin;o gn = oo it follows that 8 = aun, — va, . However then

we have Ia(qn +un0)—(’vno +pn)—,3| = Iaqn_pnl < 753‘1—'. < Mlsoié(Qn +uno)_1

for sufficiently large n.

. Let p1,...,pn be distinct prime numbers and a, a1,...,a, integers with ap +

aylogpr+...+anlogp, = 0. Then pit...ps" = e~*°, which is transcendental
1

for ap # 0. Hence ap = 0 and p{*...p%" = 1. From the uniqueness of the prime
decomposition it follows that a; = ... = a, = 0.

. Let {g:/z, ,g;/z} be linearly dependent over Z and k chosen as small as

possible, k > 2. Let K = Q(\/g—l, .y4/9k-1) and choose ai,...,ax € Q in
k—

such a way that /g _Za,\/'g7+ak Since, for 1 < i < k,{/7; : 1 <j <

k,j7 # i} is linearly mdependent over Z , we must have a; #0for 1 <: < k.
Let 0 : K — C be a field homomorphism. Then, for 1 < ¢ < k,0(,/g:)? =
o(9i) = gi, so that there exists ¢;(0) € {1,—1} with o(,/g;) = €i(0)\/gi- In
particular 0 : K — K, so that K is normal, and hence Galois over Q. Let
G be the Galois group of K over @, so that [K : Q] = |G|. For 0 € G we

k=1

k=1
have Z:l aiex(0)\/gi + ex(0)ar = ex(0)\/9x = o(\/9x) = 2 a;0(/gi) + ar =

-1
Y- aici(0)\/9i + ax . Since {911/2’ gl 1} is linearly independent over Z, it
i=1

follows that a;ex(0) = aici(o)for 1 < i < k,sothat ex(0) = ei(0)for1 < i< k.

For o,p € G ex(o - p)\/gx = o(u(\/9%)) = o(ex(n)/9x) = ex(p)er(o)\/gx , i.e.
ex(o o p) = ex(o) - ex(pn). Therefore ex : G — {1,—1} is a homomorphism. If
k(o) =1, then for 1 <4 <k, €i(0) =1, hence o(,/gi) = \/gi, and 0 = Idk .
Therefore ¢} is injective, which implies that |G| < 2, i.e. [K : Q] < 2. However
then k£ < 2, and this is impossible.

. Let 0 <z < y <1 and choose p € IN so that e?(e? —e®) > 1. Then there exists

some n € IN with e?** < n < e?*? ie. p+ 2 < logn < p+ y. From this it
follows that p = [log n], so that z < {logn} < y.

o0
.Forn>1put In=(za—€2"" "2, +€27 ") and M = (0,1) N U In . Then

n=1
N

M is open and {zn :n > 1} C M . Therefore forall N € IN, % 3 cm(za) =1.

n=1
We have A(M) < Z MIn) =€ z 27" = ¢ . If (xn)n>1 is uniformly distributed,

=1
ande < 1, then cM is not Rlema.nn integrable, hence M not Jordan measurable.
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Let f:R—>IR,f(z)=0forz ¢ Q; f(f) = % for (p,q) € Z x N,g.c.d.(p,q) =
1

1. Then f is Riemann integrable on [0,1], [ f(z)dz = 0 and f has period 1.
0

Therefore A}lm E L = z f(er) = jf(:c)d:c =0
0

Let f : R — IR, f(t) = c[o,s)({sin27t}). Then f has period 1 and is Riemann
integrable on [0,1]. From this it follows tha.t

lim + IZV: cpo,)({sin2wna}) = llm Z f(ne) = off(t)dt =

N—oo

n=1
1/2
f C[o,z)(sin 27t)dt + f €[-1,z—1)(sin 27t)dt =
1/2
1/2 R
f Cfo,2)(sin 2mt)dt + f ¢[-1,z—1)(sin 27t )dt =
o -1/2

1/4 0
2 f clo,)(sin 2mt)dt + 2 f C[—1,-1+z)(sin 27t)dt =
-1/4
2 (:}- arcsinz + 3= arcsin(z — 1) — 3= arcsin(— 1))

3+ Larcsinz — 2 arcsin(1 —z).

This is not identically equal to =, because then we would have

_1 1 1
1—[(71:?4-72—“‘_—’3) for z € (0,1).

If « = 2 is rational, then {{sin2rna}:n > 1} = {{sin2722} : 1 <n < g} is
finite, hence not dense in [0,1].

Now let o ¢ @ and g : [0,1] » R, g(z) = 1 + Larcsinz — £ arcsin(1 — z). For
0<z<lg(z)=101- )12 4 12z - £?)"12 > 0, so that g is strictly

N
increasing. Therefore, if 0 < z < y < 1, then llm ﬁ z Clz,y)({sin2mna}) =

g(y) — g(z) > 0, so that there must exist some n € IN wnth {sin2mna} € [z,y].

. . y . y
We observe that for z,y € R |e'® —€'Y| = | fe"dtl < | fdtl = |y — z|, and
that for z > 0 log(l1 +2z) < z. z s
Therefore for all h € Z,h # 0, we have:

| E e21!’:]1(::,.-{-10511)' < 1 | Z (eZnhlogn _ e21|'s'hlog(n+l)) Zn: e’.’m’h:x:,' |

n=1 j=1

I ﬁ_’: 2xihzy, | S .IIV Z 21r|h|log(1+ )l Ee2mhz, | +1 1 | E ezmhz,.l

n=1

ZI'-'

n

Z_: _'1:| E rihz,‘|+71v_| 2 e2nha:n|.
n=1

I/\

n
Since hm L ' E miha; |—0 we also obtain llm —| Ze“"’(’"'“"s n)|=0.
=1 n=1
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15.

16.

17.

Solutions for the Exercises

From the Weyl criterion it follows that if (zn)n>1 is uniformly distributed
mod 1, then so ist (—zn)a>1 . If therefore (log n)a>1 were uniformly distributed
mod 1, then so would be (—logn),>1 and by (13) (0)x»1 . This is absurd.

N . .
For each integer h # 0 we have zlv'l 3 (e2mih(zntyn) _ e"'"’")l

n=1

N ) N
<+E ¥ |e2ibvn _ 1] < 2n|h|% 3 |ya|. The Weyl criterion gives the assertion.
=1 n=1

Let & = (1 + v5),¢’ ——(1-—\/—) Then o> = a+1and a2 =o' 41, so
that, for n > 1,a™t? = oz"'H +a” and o™*? = "t 4 o'™. If one writes
T, = 7’;(&""‘1 — a'™*1) | then for n > 1 it follows that Thyq = Tp + Tho1.
We have Ty = -\};(a —ad)=1l,and T1 = 715-(&2 -a?) = Vlg(a— a')y=1,
so that for n > 0, F, = 715(01”'“ — a'™*1) . From the Weyl criterion it follows
that, if (n)n>1 is uniformly distributed mod1 and c € IR, then (zn + ¢)a>1
is also uniformly distributed mod 1. Since e is transcendental, loga ¢ @, and
therefore (nloga)a>1 is uniformly distributed mod 1. Hence the same holds

for ((n+ l)loga —log V/5)a>1 . From hm Iog(l —(= u' )**1) = 0, it follows that
Nllm Z | log (1 ( )nH) | 0. By (15) we conclude that (log Fy )n>1 =

((n + l)loga +log(1 - (& )"'“) —log \/5)n>1 is uniformly distributed mod1.
Let h € Z,h # 0 and {u,v} = {sin,cos}, where we do not wish to be more

specific about which of the functions u,v is sin, resp. cos. From the Euler
sum formula and the second mean-value theorem of integra,l calculus it fol-

lows that, for N € IN there exists some é&nv € [0, N] with | Z u(2mh f(n))|

= | 2 (u(27h £(1)) + u(27h f(N))) + f u(27h f(z))dz

+ _lf({:c} — 3)2mh f'(z)u'(27h f(x))d:c,

N N
<1+ 54w | S 7te (2nh £ (2)u(2rh f(2))de | + [ 27|k f (2)dz
1 1

N
< 142xR|(F(N) - F(1))+ 5735 f 7y v(2mh f(z)) dz | = 1427 |R|(f(N)—-£(1))

+ 53w 7o f v(2rh f(2))de + 7 f v(2rh f(z))'da |

<1+ 27"|h|(f(N)) fO) + s + TR -

- The assertion follows after division by N together with the Weyl criterion.

18.

Induction on k. k = 1 : since f’' is decreasing and lim f'(z) = 0, we have

f' > 0. If for some zo we had f'(z¢) = 0, then for z > zo, f'(z) = 0 and
llm z f'(z) = 0, a contradiction. Therefore f' > 0 and the assertion follows

from (17). We argue from k — 1 to k. Let h € IN, g : [1,00) = R,g(z) =
f(z+h)—f(z) . By the mean-value theorem there exists some &, € (z,z+h) with



19.

20.
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&
f®(z) <0, so that g*~1) is descreasing, lim g¥ V()= lim h fB(&) =0,
and lim zg*V(z) = lim z f®(¢&) = lim £ lim & f®) (&) = 0o. By the
T— 00 T—00 z—00 *F r—00
inductive assumption (g(n))a>1 is uniformly distributed mod 1. By Theorem 4
(f(n))a>1 is uniformly distributed mod 1.

g* V(z) = hf®(&). Then lim & = oo, lim & =1,¢®(z) = f®(z+h) -

Since if (€5 )n>1 is uniformly distributed mod 1, so is (—=2n)a>1 , it suffices to
prove the assertion fora > 0. Let k =[]+ 1 and f:[1,00) = R, f(z) = az?.
Then f¥)(z) = ao(0—1)...(6 —k+ 1)z * = ag(o—1)...(co — [o])z” 171",
From this it follows that f*) is monotone decreasing and that lim f(k)(a:) =0.
Because 0 ¢ IN, lim z f®¥)(z) = ao(oc — 1)...(¢ — [0]) lim 2°71) = o0, so

that the assertion follows from (18).

We observe that for z,y € [0,1) {x — y} = 2 — y + cp,y)(z). Let ¢1 and c2
abi?lute constants. Then for N € IN we have
N
| 3 oy ({logn})=Ng=({log N}) | = | 5= 3 cipypte)(log n)— Nga({log N}) |
n=1

pEZn=1

= | 2 sz: Cler,er+e)(n) — Ngz({log N}) I

0<p<Llog N n=1

=| ¥ ("]~ [¢"] - ca(eP*?) + ca(e”))

0<p<Llog N~z

N
+ > Y Cler er+2)(n) — Ngo({log N}) |
log N—z<p<log N n=1 .

<| > (P —€?) +co,n)({log N})(N — el 8 M) — Ng,({log N})|

0<p<(log N—z]
+cilog N

ellog N—-z]1+1 _ z —{lo

LBV (68 — 1) + Negg,({log N})(1 — e~ 06 M) — Ny, ({log N})|
+ ¢ log N

< N|et== . =5t emlloB N2} 4 oy 1 ({log N})(1 — e~ 16N} — g, ({log N}) |
+c2log N

= Nlel—:: . e:"_—ll . C[O,z)({log N})e—{log N}4z-1

+elmT. et g llosNHeg 1 ({log N})

+ cfo,0) ({log N})(1 — e U8 M) — g.({log N}) | + 2 log N

= N|cpo,0)({log N})(1 — e~ (s M} (1 — £51))

z

+ ¢z, ({log N})e~Uos NI+ . 2= — g ({log N}) |+ c2log N = calog N .

e—1

The function g, is increasing in [0,z) and decreasing in [r,1], therefore
-z . - el-2_1 _
‘renloa')lc]g,(t) = =% (1 - e 7). We have t_l};rl_ogx(t) =1- = = g.(z), s0

that g, is continuous. Furthermore g(0) = <=t = g(1), hence ‘rerfénl]g,(t)
= £=L. By (8) ({logN})n>1 is dense in [0,1], hence (g-({log N}))n31

. I__ - . . . .
dense in [ee__ll sl —e ")] . This gives the assertion, since the sequences

N
(% Y ¢po,z({log n}))N>l and (g-({log N}))n>1 have the same accumulation
n=1 -
points.
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Solutions for the Exercises

Chapter 3

1. Because v € 6,6 # {0}. Since & is discrete, & is finite and ax > 0. Because

v € 6,ar <1.Nowlet r € &. Since & hasrank k,and {a1,...,ax-1,0:} C &

is linearly mdependent for each 1 < ¢ < k there exists §; G IR with ¢ =
k-1

> Biai + Brvi. Let vi = i — o [‘g‘:] for1<i<k,and tv = Z['y,]a. €6.

i=1

-1

Because ay € 6 C &,r — to — [gf]ak = .=21 (8i =[] - ai[;‘:])ae + (B —

; [{5:] Yox = 'ff{»,.-}aﬁak{-g:}nk € ([0, 1)ar 4. .+[0, 1)ax_1+[0, 1]0:)NG =
& . Since ak{ﬁf}1< ak , the definition of a implies that {£k} = 0,ie. £t € Z.
Therefore Z yia; = E({'y.}+[~/.])a, =r-fka € BN(Ra1 +...+Raj_1) =

Za; +. + Zak 1. Smce {a1,...,a5_1} is lmearly independent, it follows that
7.EZfor1<z<lc Therefore;—m-}- akEZal+ 4 Zap_y +Zag,i.e.
B C Za, + ...+ Zay . The converse is trivial.

. Induction on k. The case k = 0 is trivial. We argue from k£ — 1 to k. Let

{v1,...,0;} C & be linearly independent, & = & N (Roy + ... + Rv;_;).
Then By C & is a discrete subgroup of R" of rank k — 1, so that, by the
inductive assumption there exist linearly independent vectors ay,...,ax-1 with
@n(IR.Ul +.. .+IR,0)¢_1) =Za+...+Zai_1 . Because a; € Ro;+...+Rox_, ,
for1<i<k,Ra; +...+Rai_; =Ro; +...+ Rox_;, so that &N (Ra; +

..+ Rax_1) = Zay + ...+ Zag_1 . By (1) there exists some ax € R" with
® =7Za, +...+ Zay . Since & has rank k,a;,...,a; are linearly independent.

. We show first that such a sequence (r,),>1 exists. Suppose namely that g, is

an accumulation point of &. Then r, € & and there exists a sequence (1,)p>1
in & with y, # r, (for p > 1), |9, — 1| < 1 and lim n Y, =T Forp > 1

write £, = 9, — &y . Then (kp£,)p>1 is a sequence in the unit ball, which must
have an accumulation point a. Let a = hm kp‘pp Then |(kp; + l)pp | >1and
a= 11m (lc,,' + 1)z, , so that |a| > 1. Therefore a # 0. Finally suppose that
te IR Because Htkp Y5, | < 5,1 ta = llm tlc,,,pp = hm ({tlc,,,}+[tlc,,,]);p| =
._l_lglo[tlcp,];“ € &, since B is closed, and [tk,,_]}'p_ € 6. “Therefore Ra c6.

. Let ¥ = |J Ra. Clearly for A € R,AU C Y. Let r,y € U. We show

IRaC®
£+ € V. There exist a,b € R® with IRa C &,IRb C &,r € IRa,h € IRb.
Then R(r +9) C Rr+ IRy C Ra + IRb C &, hence £+ 9 € U. Therefore U
is a vector space, and clearly the largest with U C &. From R" = U + 2 it
follows that 8 = (YN B)+(WNS) = T+ (WNS). WN & is closed. If WN &
were not discrete, then by (3) there would exist some a € W N &,a # 0, with
Ra C WN &. It follows that a € YN W, a contradiction.

. Let U be the largest subspace in R® with ¥ C & and p = dimgr U. Let

{a1,...,8,} be a basis of U, 20 a subspace of R™ with U+ =R",VNW =
{0}. By (4) 20 N & is discrete, so that by (2) there exist linearly independent
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vectors @p41,...,0p44 € R™ with WN & = Zayyy +... + Zapy, - Because
PNW = {0},{a,...,a8p4,} is linearly independent and there exist vectors
Optg+1y---,0n ,50 that {a1,...,a,} is a basis of R" . By (4) 6 = U+(WNS) =
Ra; +...+Rap + Zap41 + ...+ Zap4q - Therefore p + g is the rank of 6.

. Forr € R",let f; : IR™ — IR be given by f,(u) = (u,r). Then f; is a continuous

group homomorphism, and 8* = [ f7(Z). Since Z is a closed subgroup, the
r€EB

same holds for fi'(Z), and therefore for &*. Clearly (6)* C &*. Suppose

conversely that u € &* and r € &. Let (r,)n>1 be a sequence in & with

r= lim g, . Then forn € N (u,r,) € Z, hence also {u,1) = lim (u,r,) € Z,

and u € (6)*.

. We show first that, forp < i < p+gq,a] € &* and that for p+¢ <:<n Ra! C
P

p+1
B* . Let r= Etka;,-{- E n6r €EB. fp<i<p+gq,(r,af)=n€Z.
k=1 k=p+1
Ifp+9g<i<n,andte€lR,then (r,ta}) = t(r,af) =0 € Z, so that ta} € &*.

Suppose conversely that u = Y osaf € 8*. For 1 < i < p, it then follows

=1
that ta; = (u,ta;) € Z for all t € IR, which is only possible for a; = 0. If
p<i<p+gq then o; = (u,0;) € Z. Therefore " C Zay,; + ...+ Zay,, +
Raj, .41 +...+Raj.

. Suppose first that & is closed. Since {ay,...,a,} is the dual basis to {af,..., a5},

the assertion follows from (5) and (7). Since along with & & is also a subgroup

of R*, by (6) & = (8)** = 8**.

. Let 8 = L(Z")+Z™ . Then u € 6* & for p € Z™ (u,p) € Z and for q € Z"

(',L(q)) EZ < u€Z™ andfor 1 <i<n (u,L(e)) € Z. By (8) (i) holds
be &= 6", therefore (i) holds & for all u € * (u,b) e Z.

With 8 = L(Z") + Z™ we have (i) & & = R™ = (8*)*. Because R™ =
{0},8* = {0} & (i).

Wehave ) 1»(6)=3) 3 cs(p+8)=> 3 ce-4(p)=

PEPNX gEB pEPNX 8EB pEPNX
2 (6-g)NPNX| = 3 |6N(P+e)N(X+g)| = Y |6NXN(F+9)| = |ENX|,
9€B 9€B 9€B

because {P + g : g € 6} is a partition of IR™ . Furthermore [ vp(9M + r)dr =
P

Y [emp+o-r)dr=Y [ em(p—r)dr= [ em(p—r)dr= [ cm(r)dr=
gEB P 9€S P—g Rn Rm™
A(9M), and therefore [|(M + r) N X|dr = |P N X[A(M) < co. If for all r we

P
had |[(M + ) N X| < |P N XA(M)/A(P), then integration would lead to a

contradiction.

If v := A(IM)|X N P|/d(B) ¢ Z, there is nothing to prove. Let A\ =1+  for
k > 1. By (11) there exists some r, € P with |(MIM+ )N X| >

ARA)|X N P|/d(B) > v. Let (8x;)i>1 be a convergent subsequence, r, =
klin;o fi; > and A; C (A M + ;k,.) N X be so chosen, that |A;| = v+ 1. Then
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U ; C X is bounded, because Ax; < 2 and (¥, );>1 is bounded. Hence U 2A;
J"‘l i=1

is finite. Therefore there exists a sequence (j1)1>1 of natural numbers with %;, =
A, and llim Ji = co. We have 2, C (A;, M+ zx; )N X for all I > 1. Now

— OO -
Ajy C(M+5)NX, forif r € Nj,, for I > 1 there exists some m; € M with
= /\k’-l m + Bij, - Since M is compact, (m);>1 has a convergent subsequence
(my)i>1 and my = ‘lim m;, € M. It follows that r = mo + 1, € M+ ¢, .
—00

Therefore |(M+1,)NX|>v+1.If r, ¢ P, choose ¢ € P in such a way that
I—I € ®. It then follows that v+ 1 < [(M+)N(X+(r—1)| = |(M+ )N X]|.

Let A={r€Z":0<zj < N™/"for1<j<n}.If N*"/™ € Z, then || =
N™.If N*/™ ¢ Z, then |%| = (1 + [N™/"])" > N™. For y € R™let{p} :=
({91}5--+5{9n}) . If there exists r; # r, € A with {L(r;)} = {L(x,)}, let r =
B — F2s0 = L(x; — ;). Then 0 < ||z]| < N™/™ and L(z) = § € Z™ . Otherwise
we put X = Z™ + L(A) = |J(Z™ + L(a)). Since 2 is finite, X is discrete.
acA

Let & = Z™, then X+ g = X for g € 8, and d(®) = 1. Let M = [0, %]™.
M is compact and for a € A, {L(a)} € PN X, so that | PN X| > |A > N™.
By (12) there exists some £ € P with |(MM+ )N X| > N"™|PNnX| > 1. Let
E # 5 €(M+r)NX. Let a1,a; € A be such that, fori =1,2,5,—L(a;) € Z™,
and m;, my € M be such that r; = mi+z. Then ||t; —1,|| = [[m—-m|| < X < 1,
from which a; # a, follows. If we put q = a; —az, then 0 < ||q]| < N™/™ . And
if p=1g, — L(a1) = (r, = L(82)) € Z™, then || L(a) — p|| < & -

First suppose that A(f) = co. If & is a lattice then (for t > 0) sois & . If
for each lattice 8,8 N & # {0}, then also (38)N K # {0}, and BNIR =
(18 n R) # {0}. If A(R) < oo, then A(tR) = inf{d(8) : 8N (tR) = {0}} =
inf{d(t®) : t8 NtR = {0}} = inf{t"d(B) : BN & = {0}} =t"A(R).

Let ¢ > 0 and a = ¢ + A(R). By Lemma 3 there exists a lattice &, with
a(Bo) = 1,s0that Y cqa(al/"g) < £+ f cs(at/mp)dy = £+ i(&’—Q =1.
9€B¢,8#0 R"
Let 8 = o'/"®;. Then d(B) = and Y ca(g) <1l,ie. Y ca(g)=0.
9€8,970 9€8,9#0
This implies AN G = {0} . It follows that, foreach ¢ > 0, A(R) < a = e+ A(R).

Clearly In C In—1 C ... C I . We show first that I, # @ (and hence I; # 0).
Let {e1,...,¢,} be the standard basis of IR" . Since 0 € R°, there exists some
A > 0 with Ae; € 8° for 1 < ¢ < n. It follows that, for 1 < ¢ < n, ¢ €
1R°NZ" C ANZ",sothat 3 € I,. If p > X and X € I;, then pf D AR,
hence p € I; . Therefore I; is an interval which is unbounded from above. Now
let (u¢)e>1 be a decreasing sequence with p¢ > X;(R) and tlirgoy, = Xj(R).
There exists a linearly independent set B; C u:8 N Z", so that |B:| = j.

We have U B: C p1RNZ" as a bounded and discrete, hence finite subset.

Therefore there exists a sequence (ti)k>1 of natural numbers with khm tp =
and B;, = By, . It follows that B,, C p,, AN Z". Since K is compact, it
follows that B, C \;j(R)RNZ", so that A\j(R)RNZ" has rank > j. Therefore
Aj(R) € I; . The last assertion is trivial.
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17. Let p > a_;; . Then pf = H[ pai,pa;]. For 1 < i < j, pags > 1, so

that {c,(l) ye c,(,)} c ;lR n Z" Therefore puf N Z™ has rank > j, so that
Ai(R) < aa(lj) Let p < ao(,) and B C pANZ" be linearly independent. If
r € B, then for ¢ > j |:c,(,)| < pasiy < Hao () < 1, so that z,i) = 0.

Therefore R - IR/, #(x) = (zo(i)1gi<j is linear a,nd m|B is injective,
implying that B and «(B) C IR”~' have the same rank. Therefore uf + Z"
has rank < j.

18. (i) For1<j<n X;j(L(R)) =inf{) > 0:dimr{A\L(R)NZ") > j}
= inf{A>0: dlmm(L()\ﬁ) NZ") > j}=inf{A>0: dimr(L(AR N Z")) > j}
=inf{\ > 0 :dimm L(AKRNZ") > j} = X;(R), sincedet L #0.

(i) For 1 <j < n A;(t8) =inf{)A > 0 : dimmr (MR, Z") > j}
=inf{2: 2> 0, dimr(ARN Z") > j} = 1);(R).

19. By (16) A;(R) € I; . Let g, € M(R)RNZ", 9, #0,and g, ,...,8;_, be already
defined as a linearly independent set, so that, for 1 <i< j, g; € Mi(R)RNZ".
Then {g,,...,8;_1} C (Aj(R)RNZ"). Since this space has dimension > j,
there exists some g; € \;(R)RNZ" ,sothat {g, ,...,8;} is linearly independent.
Setting j = n we obtain the assertion.

20. (i) = (ii) We have O4 = Z(V/d). Let d < —2. We show that 2 is irreducible.
Let 2 = aﬂ then N(a)N(8) = 4. Let @ = z + yVd, =,y € Z. Since
z? — dy* = 2 is not solvable, N(a) = 1 or N(8) = 1. Therefore 2 is
lrreduc1ble and hence prime. However 2|d(1 — d) = vd%(1 — Vd)(1 + Vd),
so that 2|v/d or 2|1+ Vd. Let a € 04, a = z+yV/d, be such that 2a = Vd

(resp. 2a =1 4+ V/d). Then 2y = +1, a contradiction.
(ii) = (i) Let a,8 € 04,8 #0. Since 3 € Q(\/E) , there exist 71,72 € @ with
$=n+ r2Vd. Let g1,92 € Z be such that |r; — g;| < 1/2 for i = 1,2,
g=91+9:Vd € O4. Then N(a — Bg) = N(B)|§ — qI* = N(B)((r1 — 91)*
+ |d|(r2 — 92)*) < N(B)(5 +141) < 2N(B) < N(B), so that Oy is even

Euclidean.

Chapter 4

1. It is clear that (Z,+) is an abelian group. Let f,g,h € Z. Then for n € IN,
(f*g)*xh(n) = E(f*g)(d)h( )= dZZf(t)y( )h(§) = tZ th(t)y(u)h(w)

=§ij(t)g*h(,)—f*(y*h)(n)

Clearly f*(9+h)=f*g+fxhand fxg=gxf.Let 1(n) = (1) Z:i ’

Then 1+ f(n) = > 1(d)f(%) = f(n), so that 1% f = f. Finally suppose f # 0,
d|n
g # 0. Let no,mo € IN be chosen minimal, so that f(mo)g(no) # 0. Then
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frglmono) = 3 f(@)(™F2)= 3 f(d)g(™F2) = f(mo)g(no) # 0.

dlmong dlmono,d2mo

mono/d2no
Therefore fxg #0.

(i) Let f € Z*. Then there exists some g € Z with f*xg = 1. It follows
that 1 = f(1)g(1), so that f(1) # 0. Suppose conversely that f(1) # 0.
Define g(n) by induction on n. Let g(1) = 1(1_1) and suppose that form < n

g(m) is already defined. Then write g(n) = —7iy 3> f(5)g(d), so that
djn,d<n

Frg(n)=3 f(})9(d)=0forn>1, fxg(1) = f(1)g(1) = 1.
dln
(ii) We show first that for u € Z, gplu ¢ u(n) = 0 for p t n. Let gp|u and
f € Z be such that g, * f = u. Then for p { n, u(n) = 3 g,(d)f(%) =0.
dln

Suppose conversely that u(n) =0forp t n. Thenfort > 1let f(t) = u(pt).
For p|n we have (gp * f)(n) = 3_ gp(d)f(3) = f(%) = u(n) and for p t n
dln

(9 * f)(n) =0.

Now let gp|f *g and g, 1 g. Let mo € IN be chosen minimal, so that

p 1 mo,g9(mo) #0.1f g, 1 f, then there would exist some minimal no with

P 1 no, f(no) # 0. We have p t mono and therefore 0 = (f * g)(mono) =
Y f(d)g(2ere) = f(no)g(mo) # 0, a contradiction.

dlngmg,d>ng
mgng/d2mg

Let A ={g € Z": 0, C A} and A = {g € Z" : O, N IR # 0}. Then

A=Y 1= 3 M) =M U Q) <A(R).Sinceforge A,ge€ 9, C R,
2,8/ 2,Cc8 2,c8

A C ANZ", hence A < |[RNZ"|. Now let g € Z", AN O, # @ and

g & A. Then also Q;\ & # 0. Since 0 is connected, O, N IR # 0, hence

g € A'. From this is follows on the one hand that RN Z" C AU A, for with

gERNZ” AN #0.Ontheotherhand A= |J AnQ,= J £AnqQ,,

geZn geALA
so that A\(R) < |AUA'| < |A| + |¥'|. Therefore |A| < A(R) < |A] + |¥'| and
A < |RNZ"*| < |A]| + |A'| from which the assertion follows.

.Let fip = {r € R : || < R} and Q,N Rk # 0. Let y € O, N IRr. We

show that U 9, C Rryym \ Bp_z- Let 1€ Q. Since O has diameter
QN8R #9
Vvn, |t =9 < /n. Because |y = R, R — +/n < |tf] £ R+ /n. Therefore
5 1< X(Rrpvs) ~ Anvs) = Val(R+ v/~ (R— ya)*) = O(R").
2,N8RR#0
The assertion now follows from (3).

m-—1 .
For m > 1 we have [] (X — e¥™*/™) = X™ — 1. Let G = C(X)* be the
k=0
multiplicative group of rational functions # 0 with complex coefficients. It is
abelian. By Vinogradov’s lemma, ¢n(X) =[] ] (X — &*™*/m)»@d =

dln d|k
0<k<n
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nfd-1

[T IT (X-e**/m D= [(Xx/4-1)*® Nowletp(X) = [] (X"/¢-1),

din k=0 d|n djn,pu(d)=1

X)) = [I (X™?—1). Then ¢n(X) = q(x) ¢(X) is monic. Since the
dln,u(d)=-1

division algorithm holds in Z[X] for monic polynomials, ¢n(X) € Z[X].

k=n k= dlk d=1 dlk>n d=1 m>n/d
=Y T ot 3 =3 4R(5+0(3)+0( ¥ 4
d=1 m>n/d d=n+1 d=1 d=n+1
= Z,u(d)d +0(—; d“)+0( H=1(%5- ): p(d)d=?)
d=n+1

O(n =2 logn) = -+ O(n'z) +O(n"?logn) as n — oo.

3

. By Vinogradov’s Lemma An = Y u(d) 3 w5 = Lud) Y @ =
afn ’ZTI dln k<n/d
d
%:#( )EW ;u(%)éﬁz-
2d
- By (7) 4n = %Zdu( )kE‘;“ = %;d#(%)(log% —logd + O(d™)) =
Zdu( )log2+0(ﬂﬂ) = Pz— p(d)log 2+ O(n~"7(n)) = n™"p(n)log 2 +
O(n lr(n)).

k=17 = O(n"'log? n), so that lim S, = 0. Fur-

n—00

™M=

. We have S, <n™' Y
k=11

1

n
thermore forn > 1,5, — Sp-1 =2 E (kn(k + "))_1
g.c. dk(iln) 1

) z (R(E+0) = Sa =207 3 (k(k+m)”

k=1

n<k+lgcd(l= 1)=1 gcd(k n)_l
- z E (kln)™! = 2n71 z (k(k + n))™?
k+l_11|gcd(kl) =1 5cd(kn) 1
n—1 n n
—nt Y (hn-k) =277 Y k-2 Y (k4n)
k=1 k=1 k=1
g.c.d. (k n).— g c.d.(k,n)=1 g.c.d.(k,n)=1
—-n~? z (n—k)'—n"? E k™' = —2n"2A, . From this follows
5cd(kn).- gcd(kn).—
N N
SN=8m = ) (Sa=05n-1)=-2 3 n?A,. Allowing N — oo we
n=M+1 n=M+1

obtain the assertion.
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10. We have ) n?r(n)= Y} n?Y 1= f: > n?= f: 3 (kd)™?

n>N n>N d|n d=1d|n>N d=1k>N/d
N N
= $a? ¥ k4 X d(@) = 0( $5(aN?)) +O(NY)
d=1 k>N/d d>N d=1
= O(N~*log N). Using (8), (9) und (6) it follows that S, =2 5~ (k™3¢(k)log 2

k>n
+O0(k37(k))) = 72n"12log 2+ O(n"2logn) as n — oo.

N N
11. We have E n~* =11+ N~°)+ [z%dz + [({z} — 1)(—s)z™*"'dz . Because
1 1

|({z} = 3)z™°"!| < 27? the integral [({z} — $)z7""'dz exists. We argue by
1

N
contradiction. We have lim f:c—’d:c = lim (N~**1 —1)(1 — s)™! (the case
N—oo 1 N-—-oo

s = 1is trivial). Now let t € IR, t # 0, be such that s = 1 + 4t. Therefore
A}lm N~ exists and equals a. Let q € IN. Then with N = nq it follows that

a = lim (ng)™* = aq™*, so that e~"*'°6% = 1. Therefore —tlogq € Z for all

n—00

q € IN. This is not possible, since lim 5=(log(g+ 1) —loggq) =
g—00

12. For Re(s) > 0 Y (-1)"n~* = (2'7* — 1){(s). If for n € Z, n # 0, one puts
n=1

sn=1+ 12:8"2‘ , then 2!7*» — 1 =0, from which the assertion follows.

: N
13. (1) Let §>0,M < N.Thenfor|2|<1,|z—1]>8,| 3 n7'2"|
n=M

N-1 n . N ) N-1 M1
—_ 1 1 1 1 1 -1
=l ZG-s Yy +5 x| < Z(:“‘;‘ﬁ)ﬁ—g:ﬁ—l
n= i=M ji=M n=M
VMg o NSV iy ey
Nlz-1] -?( ZM(I—nH)‘i‘ Tv')—'ﬁ is gives (i).
n=
ii) It suffices to prove the assertion for 0 < z < 1. By (i) —log(1 — e27iT) —
P g
z ,n—le21rm.a: , and therefore —a.rg(l _ 6213.1:) - z sin 2"1rnz' . We have
n=1 n=1
eial‘g(l—e?riz) — I—}E%;;:;:_l = _ieirmlssii::il = eir(z—1/2), so that from

Re(1 — €2*i%) > 0 it follows that arg(1 — e*™*®) = n(z — 1/2).
(iii) The inequality in (i) gives I ZM sin2znz | < in iﬂwl = 3o for
0 < x < 1/2. Together with (ii) this implies that for & < =z < 1,

0

|Zsmz’n‘xnzlsl_'_mS%{.z&msl'{—l-.H <(L‘<%,
n=1

M-1

| 2 gl“2’”"|< z L)sin2mnz| < 2rzx(M — 1) < 2m.

n=1

14. (i) The point 0 is a simple zero of z — €* — 1, so that z — :,‘: is analytic in

|z] < 2mr.
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(=] o0 n
(i) We have 5 Ea," = 2 s> Y (3)Bx —E
n=0 n=0 k=0
P o By z"~ - 21 ze®%
E 2 (k)Bkn'l‘ E E_k'h(n E k! =e’—1’
=0n=k k=0n=k k=0
so that Bn(z) = E (k)Bk:c -k
k=0
(iii) We have 25 = z+z272+... = 1+z/12+... =1-2/2+...,sothat By =1,B; =
oo
—1/2. Therefore Bo(x) = 1,Bi(z) = = — 1/2. The function ) E‘,lz"
n_?.
=5 -1+ %z is even, since =345 — 1 - -%z =5 +1- —z = 2 —
== — 2 =0. Therefore, for odd n > 3, B, = 0.

(iv) By (iii) Bo(z) = 1,Bi(z) == — 1/2. By (i) 3, Zalll,m = =2

n=0

= E Z8(—1)"2",so that By(1) = (—1)" By, . Therefore for even n Ba(1) =
n=0

B, .If nis odd, n > 1, then from (iii) it follows that B,(1) =0 = B, .
. n n—1
(v) By (ii) for n > 1,Bn = Ba(1) = 3 (}) Be therefore Y (})Br =0.
k=0

15. (i) This follows from (14v) and Bo = 1 by induction on n.

- st 1] n zz foasd n41 s n
(i) We have Y 2@ = £ = 37 Baldl?D o 30 Bomt®2h oo tha
n=0 n=1

n=0
for n > 1 By(z) = nBn-a(z).

16. If the assertion is proved for the intervals [a,b] and [b,c], then by addition we
obtain it for [a, c]. Therefore it is enough to prove it for b—a < 1. We desinguish
between two cases.

(a) (a,0)NZ = 0. Then z — {z} is differentiable in [a,b] with derivative 1, so

that by (15ii) <& Ba({z}) = nBa-1({z}) . The result follows by integration.

(b) g € (a,b)NZ. Then (g,b)NZ = @, and we can apply case (a) for the
b

interval (g,b]. Hence we can take g = b. Then we have n [ B,_;({z})d=

= lim n[Baa({@ds = n lim (Ba({t}) - Ba({a}) = n(Ba(l)
— Ba({a})) = n(Ba(0) - Ba({a})) = n(Ba({}) = Ba({a})) for n > 1

because of (14iv).
We prove the last assertion by induction on m; ¢ — B({z}) = B2 +

£
2 f B;({t})dt is continuous. If the assertion has already been proved for m

then for m + 1 it follows from Bm41({z}) = Bm41 4+ (m+1) [ Bm({t})dt.
0

17. By induction on m. By (13ii) we have —3L; 3~ e’
k#0

-5 Z (e2mike — gm2miks) = _L E 1sin2rkz = {z} — 1 = Bi({z}).

Suppose that the assertion for m has a ready been proved. Because of (13iii)
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18.

19.

20.

Solutions for the Exercises

o<|%|:<1v k~1e*"*** is uniformly bounded. For m > 1 , |§|: k~™e2™*% is uni-
< <Ik|<oo
formly coxnvergent. From (16) it therefore follows that Bmy1({z})—Bm+1({0}) =

] —-m e2m‘kz_ ] o rikz
(m+1)0me({t})dt= _%’;’k =L = —(2‘:‘,.;'..‘.1“ ké:ok m—1g2mik
+Cm for some constant Cr . Integrating once more it follows that Bmi2({z}) =
—é;’:.—;',:?é; S k™ 227k 4 (Bm41(0) + Cm)z + Bmy2. Since Bmya({z}) is

E#0
bounded in z, it follows that Bm41(0) = —Cm, therefore Bmyi({2}) =
_ gm+l!! . Z k—m—lezkriz
(2xi)™ et *

(ii) and (iii) follow from (i) by equating the real parts. (iv) follows from (i) with
z=0.

Induction on m . The Euler sum formula gives the case m = 1 directly. For the
inductive step one has only to observe (because of (16)) that

J Ba({zhf™ (@)de = Z (Bmar ({(8)F™ () = Bmy1({a}) ™ (a))

b
- 735 [ Bnti({z}) ") (2)de .

This follows from (18) and the relation B, = B,(0).

Let m € IN, m > 1 and Res > 1. Let f(z) = (¢ + w)™*. Then f®¥(z)
N .
= Ic!(';")(x +w)_""’°, hence from (19) for N € IN E(n +w)? = w?

n=0

L (N +w)™*! _“’_’+1)+§: g-_;)in (k_-sl) (N +w)=s— 1 — Wik
k=1

+

N
+ (=)™ () [ Bn({2}) - (w + 2)™*""dz. As N — oo then ((s,w) = ™’

s—1

+ Lot 4 kz_:l(_lk)kth(k__.,l)w_,-k“ + (_1)m+1(—1—:)6me({x})

(w + 2)~*~™dz . The integral appearing on the right-hand side is analytic for
Re(s) > 1 — m, since firstly, for each z > 0, s — Bn({z})(z + w)™*"™ is an-
alytic. Secondly (z,s) — Bm({z})(z + w)™>~™ is (because m > 1) continuous

on [0,00) X {s : Res > 1 —m}. Thirdly for each § > 0 klim J Bm({z})(= +
—oo }

w)™*"™dz = 0 uniformly in s for Re(s) > 1 — m 4 6. Namely there exists

some K, > 0 with |Bn({z})| < Km for z € IR. Therefore | J Bn({z})(z +
k

w)"’_mdxl < I(mfm-Res—mdz < I(mfw_l'5d:c = K,,6 k™% . Therefore
k k

s + ((s,w) is meromorphically continuable on Res > 1 — m for each m € IN,
from which the first assertion follows. Moreover ((s,w) has only one pole at
s =1, and this is simple. The assertion now follows from lim w™**! =1 and

((s) = C(s,1). o
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Chapter 5
1. Forn > 1 n = n(pn), therefore by the prime number theorem lim -'%ih =1.
It follows that hm (log n+loglog pn —log pn) = 0, and hence that hm IL"K p“ =

lim (1 - m) = 1. Multiplication gives lim 3'—;?3 =1.

n -0 IOS Pn n— 00

2. For Res > 0 ¢(s) = (1 —2'"*) 3 (-1)"*'n""*. Since (n™*)n>1 is decreasing

n=1

[}

for s > 0, we have Y (-1)"*'n"* > 0. Because s < 1, 2'~* > 1, and from
n=1

this the assertion follows.

3. We argue by contradiction. We have —3-2 -—5-—1r(:r) + f—°5-‘,—11r(t)dt
r<z

fiﬁw(m)+2f~°&é—‘—‘ .og.dt+f—°%—‘(w(t)— )t = 0(1)+2f%—f”
2

x
+ O( !ﬁ,—t = logz — loglogz + O(1), contradicting Mertens’ theorem.

4. Let pr be the kth prime number and n = p; ... pr. By the prime number
theorem logny = Y, logp = #(px) + O( > > logp) = (pk)

PSPk 2<m< '°S P™ <Pk
+0 (p}c/2 log? pk) = pk(1 + o(1)) . It follows that log log ng = logpr + o(1).
(i) By Mertens’ theorem ¢ = klirr;ologpk J:.Ik (1- ;1;) = kli.rrgalogpkﬂ,ﬁ‘LZ
= klingo log log nkf%";d .

(ii) We have r(nx) = 27) | hence log (ni) = m(pk)log2, so that by the
logr(ng)loglogny _ hm 7(pg)loglogny log2 —

prime number theorem lim

k— 00 logny koo log ny
kllm JB“J—-S-& log2 =log2.
5. Forn>1llet f(n)= Y, 1.Thenn > [[p> (logn)’™, hence f(n) <
pln,p>logn pln
%{0‘—:—; . For sufficiently large n we have log (1 - ﬁ) > —logn . From this
it follows that 0 > log P(n) = | z):l log( - %) > f(n)log( gn) >
pin,p ogn
—2;f) > — -2 . From this it follows that lim log P(n) =0, or lim P(n)
=1.
6. Forn>1let P(n)= ][] (l—l).Thenﬂnﬁzn(l—%)
pln,p>logn
= P(n) ]I (1 - —) > Pn) [T (1- —) By Mertens theorem ¢ =
pln p<logn
p<logn
llm loglogn- [] (1 - %), so that lim, ., n™"¢(n)log logn > limp—co P(n)-c
p<logn

=c (by (5)). The assertion follows from this and (4i).
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7.

10.

11.

R
the result.

Solutions for the Exercises

We have log f(n) Y ap(n) < 5 ap(n)logp < Zlog(p""(”)) = logn

f(n)<p f(n)<p
and log P(n) = Y, log(l+ ap(n)) < > log 2"'?(") =log2- Y ap(n)
| f(n)<p f(n)<p f(n)<p
Jogmn
< log 25555y -
. We have 2°#(") < %7(") < n therefore ap(n) < T'g'f From this it follows that
logQ(n) = Y log(l+ap(n))=0(loglogn- Y 1)

p<f(n) p<f(n)

= O (loglogn - n(f(n))) = O (loglogn : ,-51;3"—)) = 0(f(n)).

. For n > 2 write f(n) = T:’;‘,;—n and n = [[p**™, the prime factor de-
P
composition of n, P(n) = [] (1 +ap(n)),Q(n)= ][] (1+ ep(n)). Then
f(n)<p p<f(n)
7(n) = P(n)Q(n) and therefore lim 'ﬁ&ﬂm_l_l.'_"&ﬁ =
Tim _0&512102'&:5_91_2 loglogn < < log2 llm ﬁ% log2 by (7) and (8). The

n—oo
assertion now follows from (4ii).

We show first that |llim f(z) = 0. It follows from f(z) = f(0) + [ f'(t)dt
T|—00 0

that lim f(z) exists. By the mean-value theorem from integral calculus there
Tr—00

exists some ¢ € (z,z + 1) with f(&:) = I}-lf(t)dt. From lim f(¢:) =

z+1
lim [ f(t)dt = 0it follows that lim f(z) =0. Analogously lim f(z)=0.

b
By the Euler sum formula for a,b € Z, a < b, Y f(n) = 3 (f(a) + f(b)) +

jf(z‘)d:t + jb'({:r} — 1/2)f'(z)dz. Then, as b — oo, a — —oco, we obtain
aE f(n) = }f(x)d:c + [({z} — 1/2)f'(z)dz . By Exercise (13) in Chapter 4
neZz R R

Le27k is uniformly bounded in N and z, from which it follows that

Lol

0<|kI<N

> f(n)= ff(:v)d:r—”’ 3= 1 [ ™% f'(z)dz - see Exercise (17i) form = 1in

neZ k¢0 R

Chapter 4. Finally for a < b fe2"ik’f(x)dx =52z (f(b)ez””“b — fa)e? %) —

b
2mik feh'szl(‘v)dl'a from which, for b — 00, a — —oo0, the existence of

Je€7* f(z)dz = — 5% [ €*™* f'(z)dz follows. Substitution of this above gives

27
R

For z € C, let y(z) = fe—11-2+27rz‘a:zdm. Since fzﬂll‘le—’rzz+27r'zzldm < o,

y'(2) = f27”f¢‘6-”2+2’““d:c =i [2n(z - zz)e'”z"’"”““d
R
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13.

14.

15.
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- f21rze-fz’+2,,‘“dx = —,e-*z’+2nzz| _ = 2mzy(z) = —2nzy(z). The func-
R
tions y and z — e~ "* ? therefore satisfy the same linear differential equation, so

that for some C € € y(2) = Ce™™*" . Now y(0) = e de =2 [e " du=
R v 0

71; e v 2 dy = :};I’(%) =1, hence C =1.

We have f2|m|e'"2da: < oo. It therefore follows from (10) and (11) that
R

@(I) - Z fe—r::y2+21rikydy - z $—1/2 fe—ru2+21riku/\/:?du
k€eZ R kez R
- p e = 0 )

kez

o0

For all z > 0 we have ¥(z) < Z ™™ = 72— . From 1 + 2¥(z)

=2 (1+2¢(2)) it follows tha t¥(2) <(Z-V3)+ 5 =7
<% (3+74=).

(i) Let z € C, then f |¥(z)z?| dz < f £—dz < oo, from which (i) follows.

1 1
(ii) For Res > 1, fW(m)a:'1+Re’/2d:c < (:} c,l_l) f:t“/z'l"'Re 24z < 0.
0 0

oo
Therefore we have the convergent integral [ U(z)z*! 2dr

0
e—rn T .s/zd;,,- — E m’f _u(,m ) —1+4s/2 du

n=1

= 3 (mn?)*/? fe"“u"” A —p (—;—) 77*/2((s). (Here we use Lebesgue’s

I
818

u
n=1 0
theorem on dominated convergence.)

(=) 1 oo
By (12) forall Re s > 1 we have [¥(z)z*/242 = [W(z)z*/?424 [ U(z)e/?dz =
0 0 1
1 1 o0 1
F(Fr-1) 7 4 [ o 4 To@errse = § [0/ -
0 1

1 1 (o)
3 [ [ (3) 20 e Tu()s 42 = JESTE |4
0

o

+

2!F(u)u(3 ")/2du+fW(x):c"/”’ — _1____ T ( /2 +m(1—a)/2) %.
1

"%8

For Res > 1 it follows from (13) and (14) that I'(£)7*/2{(s)
= [¥(z) (=*/* + w(l"")/z) d 4 s(s 75 - Because of (13) the right-hand side is
1

meromorphic in € (hence also the left). Replacing s by 1 — s gives the result.
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16.

17.

18.

Solutions for the Exercises

(i) By(15)forneN lim 772 (£) ((s) = #=+2)/2(n 4 1)¢(2n + 1)
# 0. Since I' has a simple pole at —n, { has a simple zero at —2n.

(ii) By (15) again }iﬂw-”’r(g)c(s)/c(l —s) =x?r (%) = 1.7 has
a simple pole at 0 with residue 1, so that }13(1)%1"(%) = 1. Therefore
1 = ¢(0) hm a((l 5 = 2(’(0) llm m = —2¢(0). We prove the sec-

ond a,ssertlon For Res > 1 C(s) # 0. Suppose now that Res < 0,
s # —2n for all n € Z, n > 0. If {(s) were to equal 0, then by
(15) 0 = »~(= ’)/ZI"(‘ ’) (1 — 8), which is impossible, given that
Re(l1 —s) > 1.

(iii) For Res > 0 we have ((s) = (1- 21_’)_1 S (=1)"*'n~*. From this it
n=1

follows that ¢(3) = ((s). Therefore if ¢(s) = 0, then also ¢(3) = 0. For
Re s < 0 the assertion follows from (ii).

Let ¢ > 0. Because lim ¢( ) = 0 (Chapter 4) there exists some ¢, > 0,
m—»oo
so that for all m € IN, m'™* < c.p(m). Hence, if p(m) = n, m' ™ < c.n,
o0
from which the first assertion follows. For s > 1 we show that Y ¢(m)~*

m=1
converges. If we choose ¢ = 1 — &;, then because ¢ > 0, there exists some

K, > 0 with mV* < K,p(m), ie. m¥° < K:p(m)® for all m € IN.
Therefore ) ¢(m)~* converges. Suppose now that N € IN and My =

m=1 .

{n€IN:p(n) < N}. Then My C Mn41 and |J My = IN. For Res > 1

N N oo 00 N_l
we have 3 Zm) — 3~ L Z 1=3 E p(n)™* = Y, ¢(n)"*,so0

m=1 m=1 =1 n:l m=1 n€EMy

w( =m )=
that )5 5L = 2 e(m)™ =13 (@) =H(1+Ep""(l—-};)_s)=
n=1 n=1 p k=0 P k=1
I;I(l'f'm .
y

For z,y > 0 and s = o +it, 0 # 0, we have |[2° — y°| = Isft’_ldtl <

y
|s|| ft”'ldtl < Hlx" —y°|. Hence foro >0, |(p—1)"°"-p~°| <

J§l|(p ~1)"% —p~?| = O(p~°"). Therefore for each § >0 (ﬁ - l)

p.
P
is absolutely and uniformly convergent in {s:Res > 6§}, so that g(s) =
H(l + (_P—-IW - -17) is holomorphic in Res > 0. For Res > 1 we have
‘(%)l H(1+ p* 1)(1_1)0)(1 —H(l+(Pll),—;,)=g(s),ie
f(s)= g(s)C(s) The first assertion follows from this. The second follows from

lim(s = Df(s) = (1) lim(s ~ 1)¢(5) = 9(1) = [T (1 + 3555 )-
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o0
19. If Res > 1let f(s) = 3 %2 and ¢ := H(1+FG»171'5)' By (18) f can be
»

n=1
extended over {s € C : Res > 0} and there s — f(s)— ;%7 is holomorphic. The
conclusion follows from the theorem of Wiener and Ikehara (see Addendum?®).

N
20. First we show that as N - oo [1 |7r(a:) - = ld:r: = o(m(N)).Let e > 0. By

log =

2
the prime number theorem there exists some zo(g) > e, so that for all # > zo(e),
I7(2) - izl < 555 - Now let N > xo(€)? and choose K > 0 such that, for

all z > 2, |7r(:c) loga:l < K. It then follows that f i |1r(a:)— . zzldm <
zo(e) N \/!V
% |‘l|'($) - lo:x‘dl‘ + ¢ f l::x S I(l‘o(E) te f Iod::t +e f l:gzm S

zo(e) zo(e)

K\/— N + VN + ]i‘N Applymg the prime number theorem it follows that

= |da:§2e.

for each € > 0, Tim g f-;; |n(2) - 1=

21n logz Jr21;'-’-1

27 _dxr  __ . dr  __
gz dz = fl' logz — 2xi+1 logzl + f 2m+l logiz -

N
Furthermore, f
2

log

Nl+21|’

14278
aaneew + 0(1) + 0( fo—gf:+ f:;rx) = wiieer + OWN) +

(0] (T—W) Nz’"gg_)f(l +o0(1))for NeINas N - 0.

og

From this it follows that Y e?rilogr — g2milogNg(N) — 2 f—-:lm w(z)dz
p(N

2xilogz

dz + O( 1|7r(x)—,o“|dx) N?*"in(N)

log =

e21n'|og N‘II'(N) _ 27nf e
2

X (1 — 2mi ) + o(m(N)) = mﬂ’(N)sz + o(m(N)). Thus it follows that

1427s

. _1 2rilogp | 1
dm s | 2 | = e # 0

Chapter 6

1. We show first that from x € I'm, X' € Iy it follows that xXx' € I'ma . Clearly

xx' is strongly multiplicative and has period mn. If g.c.d.(k,mn) > 1, then
either g.c.d.(k,m) > 1 or g.c.d.(k,n) > 1 , hence x(k) =0 or x'(k) =0, and in
either case xx'(k) = 0.
The map w is clearly a homomorphism. If xx’ = xo , the principal character in
LFmn, and a € Z, then we may choose some z € Z with ¢ = a(m), ¢ = 1(n).
It follows that x(a) = x(z)x'(z) = xo(z), so that x is the principal character
in I'm . Analogously x’ is the principal character in I'» . Hence w is injective.
Since Iy, X I, and I'mn have equal numbers of elements, w is bijective.

2. (i) Weshow first that m,,+ > my,m,s . Because my,s|mn and g.c.d.(m,n) =1,
there exist natural numbers d; and dz with m,,s = didz and di|m,dz|n.
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Let = 1(mod d1), g.c.d.(z,m) = 1. Choose an a with £ = a (mod m),
a = 1(mod m). We have g.c.d.(a,mn) =1, a = z = 1(d1), a = 1(d2),
hence @ = 1(didz). By Proposition 7 x(a)x'(a) = 1. From x'(a) = 1 it
follows that x(a) = 1 and therefore x(z) = 1. By Proposition 8 d; is
a defining modulus for x. Analogously d, is one for x’, from which it
follows that my < di, m,s < dz, hence also that mym,s < didy = m,,s .
Suppose now that conversely £ = 1(mym,s) and g.c.d.(z,mn) = 1. Then
g.cd.(z,m) = g.c.d.(z,n) = 1 and = = 1(my) , = = 1(m,) . By Proposition
7 x(z) = x'(z) = 1, hence xx'(z) = 1. Also by Proposition 7 mym,s must
be a defining modulus for xx’, so that m,,» < mym,s.

(ii) The first statement follows immediately from (i). Now let xx' be real, i.e.
x>x'? be the principal character in I'ms. Then by (1) x? and x'? are the
principal characters in I, and I, respectively, hence x,x’ real. The con-
verse is trivial.

. For odd values of n € Z let x1(n) = (‘Tl) sgn n. Then x1 and x» are multi-

plicative. Because x2(n) = (—1)("2_1)/'3 , X1 and x2 have period 8. Therefore
X1,Xx2 € Is and further x3 € I's. x1 and x2 are not principal characters. We
have x1(—1) = —1 # x2(-1) and x3(—1) = —1, so that the assertion follows
from |[3| =4.

. (i) With x # xo, let g be a primitive root modulo p*. If x(g) =1 it would

follow that x(g*) = 1 for all i > 0 and thus x = xo . Hence x(g) = -1, and
there exists a unique real character x # xo mod p* . Since n — (%) is real,
x(n) = (%) for n € Z. From n = 1(p) it follows that x(n) = 1, so that p
is a defining modulus for x . Therefore k = 1. x is primitive in I}, , because
p is prime.

(ii) There exists no primitive character in I, so that 2 cannot be a defining

modulus of a character # xo. For odd n, x(n) = (=1)"~1/2 | and this
gives the unique character # xo mod4. This is necessarily primitive. Now
let x € I's be real and primitive. If x(5) = 1, then from n = 1(4) it would
follow that x(n) = 1, so that 4 would be a defining modulus for x . Hence
x(5) = —1. By (3) for odd n, either x(n) = (2) or x(n) = (-1)("~1/% (2),
Because x(5) = —1, 4 fails to be a defining modulus for x, so that x is
primitive.
Finally let x € I« be primitive and real, k > 3 and =z = 1(8). There exist
i,j > 0 with z = (—1)'5/(2*) and therefore 1 = (—1)?57(8), from which
i = j = 0(2). Therefore x(z) = x(~1)'x(5)' = 1, so that 8 would be a
defining modulus for x . Hence k < 3.

. Letm = pf‘ ...p¥ be the prime factor decomposition of m. By (DNfor1<i<t

there exists xi € Fprf,- with x = x1...xt. By (2) each x; is primitive and real.
By (4i) for 1 < 1 S. t, ki =1 and xi(n) = (ﬁ) for n € Z. Therefore m is
square-free and x(n) = (3)...(;%). Conversely it follows from (4) and (2)
that x must be primitive.

. W.lo.g. let n be odd. We distinguish between three cases: If m is odd, then

for k € Z (5) implies that x(k) = (£), x'(k) = (£). Therefore x(n)x'(m) =

“1e(2)(B)=-1¢ -"-'T‘l = "T“- =1(2) & x(-1) = x'(—1) = —1. Now let



10.

Chapter 6 231

m = 2'm' be even, 2t m'. By (1) and (4) t € {2,3}. Suppose first that ¢ = 2.
By (1), (2), (4) and (5) x(k) = (-1)*=D72(E) for odd values of k. We have
x'(k) = (£) for all k € Z . Therefore x(n)x'(m) = -1 & (=)D (2 (2) =
~1 e (~)PVR(EY () = —1 & 270 = it = 1(2) @ —(5h) = —1 and
(F)=-1lex(-1)=x(-1)=-1.

Now let ¢t = 3. By (1), (2), (4) and (5) for all odd k and for some a € {0,1},
x(k) = (=1)**=1/2(2)( £y and we have x'(k) = (&) for all k € Z. Therefore
X(Mx'(m) = =1 & (2)(Z) N1V = -1 & (5) (@) (=170
=-1& -1= (—1)1'2‘—' 2ptta(25h) = (—1)(1'5'—'*“")(&3-‘) o molia=
27l =1(2) & x(-1) = xX'(-1) = -1.

. First let p = 2. Then by (4) k € {2,3}. Let k = 2 and x(n) = (-1)»-/2

for all odd n. Then 7(x) = x(1)&™/* + x(-1)e"3/* = e _ STt =
i—(—i) = 2i = (—4)'/?. Let k = 3 and x(n) = () for all odd n. Then

7 .. . . . . . .
T(X) — Zx(j)ebru/S = e21rs/8 + e—21n/8 _ eG‘n/S _ e—ﬁ‘n/B — % + 17—51_ _
j =0

- TF =+ = VE= (D

Let k = 3, and x(n) = (=1)"*"1/%(2) for all odd n. Then 7(x) = e84
(STiI/B _ gm6mi[8 _ g—2mif8 _ 17-?‘_'_ —12-' _ %Ei_ 17—5 _ %-I— _\27;5 — V8 =
(X(=1)8)'/*.

By (4) there exist no further real primitive characters mod 8. If p > 2, then by
(4) k =1, and the assertion follows from Theorem 4.

. We note that {kn+1m : 0 < k < m, 0 <! < n} is a complete system of

residues mod mn . From this it follows that x(n)x'(m)r(x)r(x’) = x(n)x'(m) -

m-1ln-—1

3 m—1n-1 3
Z Z X(k)xl(l)eZn(k/m+1/n) = E E X(nk)xl(lm)e2n(kn+1m)/mn
k=0 =0 k=0 1=0

m-1n-1 .
= 1;2: 12: x(nk +Im)x'(nk + Im)e"'(""“'")/""‘ =7(xx')-
=0 1=0

. Induction on the number of prime factors of m . If this equals 0, then m =1,

and the assertion is trivial. If this equals 1, then we apply (7). Suppose that the
number of prime factors is greater than or equal to 2. Then there exist mi,mz €
IN with m = mimz, my >1,m2 > land g.c.d.(m1,m2)=1.By(1)fori=1,2
there exists xi € I'm; with x = xaxz. For ¢ = 1,2 x; is primitive and real
(2). By (8) and the inductive assumption, 7(x) = x1 (m2)x2(m1)r(x1)r(x2) =
x1(ma2)xz(m1 )(X1(——1)m1)1/2(x2(——1)m2)1/2 . If x1(m2)x2(m1) = —1, then by
(6) x1(~=1) = x2(=1) = -1, so that one obtains 7(x) = —iy/m1 - iy/m2 =
(x(—1)m)'/2 . However, if x1(mz2)x2(m1) = 1, then we can w.l.o.g. assume that
x1(=1) = 1, from which it follows that x(—1) = x2(—1). Therefore (x) =

VA(x(-1)m2)/? = (x(~1)m)'/*.

‘ 4d-1
By Proposition 11, for d € IN, Y e*™*/* = ’1'\/4—_? = (1 + i)v/d. Therefore

k=0
VdeQ ez“'/“d,i.) . But now i = (e""”'/""_)d , so that i € Q(e?™/*¢), from which
both vVd € Q(e?**/*%) and v—d € Q(e*"*/**) follow.
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o . i oo

11. (i) We note that for =z ¢ Z z Le?™ine = _log|l — 2% 44 Z sin2ron

—log 2(sin 7z) — wi({z} — ) (use Chapter 4, Exercise (13)) Therefore from
Proposition 9 it follows that L(x,1) = Z ix(n) = el Z =G(n,x)

n—l

00 m-1 m—
ik k
— r(lx nz_:l ;1‘_ kz_:l x(k)ezn n/m _ r(x) E X(k) Z: 1 21ra n/m

=1 n=1

m-—1
—;(1)3 3 x(k) (log2sin rE 4 im(L — %))

k=1
m-—1

= _7175 > x(k) (log sinTX 4 iw%), because x # xo implies that
k=1

m-—1

> x(k)=0

k=1

(ii) By (9) T(X) vm. From L(x,l) € R it follows that L(x,1) =
—7— E x(k)logsin X and Z x(k)e=0.

k=1

(iii) By (9) r(x) z\/— From L(x,1) € R it follows that L(x,1) =

m-1

- 2 kx(k) and Z x(k)logsin 2t = 0.

12. We have L(x,s) = H(l—%,ﬂ)—l = H (l—ﬁp,ﬂl)_1 =JI (1-— -’%.21)—1

=I}(1—5§;‘&)_1H(1— ) L(x s)H(l— )

plm
13. We have m™* i x(k)¢( 8, =m~* Z x(k) Z n+ )_

k=1 n=0

E E x(k + nm)(k + nm)™* = E X2 = [(x,s). The second and third

n=0k=
a.ssertlons follow from Chapter 4, (20), because for x # xo0, L(x, 3) has no pole
at 1.

14. For Res > 0 L'(x,s) = —i XM jogn, so that > X ogn = 0O(1).
=1 n<z
From this it follows that O(1) = 3 X2 jogn = > A"ﬂ > A(d)
n<z n<z din
=LA Y K= T Al B = 3 A0 (Hx)
- /a”X(n)) = E TA(dx(d)L(x,1) + O( E iAd)- 2)
n>zx
E A(d)x(d)L(x,l) + O(1¥(z)), so that by Chebyshev s theorem O(1) =
Z zA(d)x(d) E 7x(P)logp+O( 3= 30 p™logp) = ¥ Lx(p)logp +
1<mp”‘<z p<z
0( > k‘”‘losk) = Z 1x(p) logp+0(kZ<) 55k) = 3 ix(p)logp +
k<zrm=2 . T p<z

0(1).



15.

16.

17.

18.

19.
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If x = X0, the proof will be found in Addendum?®!
Suppose now that x # xo- Then Y p(n)x(n): E XL—Z

; KZ £@)y(nk) = tZ ?';Zd)ﬁ;l = 1,: frr/onm which it follows that
1 ;nz; “Z'/‘;AP(L(XJ) - k:z,l: ix(k)) = ,.ﬂ(n)x(n)L(x, 1)
+0( ,.;, 1.2) Because L(x,1) # 0, we ha.ve n;z L(n)x(n) = O(1), so that
T EHOx® = 3 5 wdxd) = T [E] M0 = & 5D+
O(z) = O(z).

By (15) for f(n) := Zp(k)x(k), as ¢ — oo we have E f(n) = O(z).

Addendum?! implies that f(n) > 0. For Res > 1 E o= Z%‘%, and
8

f%(—’,L) f(xT_(sl-; is holomorphic in {s : s € C, Res > 0}, if we put
= =0. Now apply the Tauberian theorem of Ingham and Newman.

Consider Chapter 5, Cor. 3, and put f(n) =1, g(n) = p(n)x(n) for n € IN.
Then F(s) ¢(s) and G(s) = L(x ooy - The functions s — F(s) — -3 and
8 -m are holomorphic in some region containing {s € C: Res > 1}. The

assertion now follows.

The function x A\ is strongly multiplicative. It follows that for Res > 1 we have

Z x(mA(n)n=* =[] Zx(p)’f\(zr)’ = H(l - x(@Mpp~)7" = H(l +

p j=0

x(P)p") ! H(l - x(p)p~ ')H(l - X (p)p"")' = L(x*,2s)/L(x,3)- Once

more consider Chapter 5, Cor. 3, and put f(n) =1, g(n) = x(n)A(n) forn € IN.
Then F(s) = ((s) and G(s) = 4113(‘;(-'31 G and F(s) — 735 are holomorphic in
some region containing {s € C : Res > 1}. From this the assertion follows.

(i) Suppose first that g.c.d.(a,m) = 1. Then > u(n)

n<z,n=a(m)

=5y 2 X(e) Z p(n)x(n) = w(m) E X(a)o(z) = o(z) (by (17)).
X€Elm
Now let a be an arbntrary element of Z g c. cd. (a,m)=d, g.cd(F,d) =g

and l.e.m.(% d)_va1<lc<d gcd(kd)—la.ndlc (modg) then
because g = g.c.d.(%,d) divides § —k , there exists some ui € Z with ux =
£(mod %) and ux = k(mod d). Then g.c.d. (uk,v) = 1. From this we have

Y own)= ¥ pdn)= Z pd 3 pn)=
n<z,n=a(m) n<z/d k=1 n<z/d,n=k(d)
n=a/d(m/d) g.c.d.(k,d)=1 n=a/d(m/d)

Zd: p(d) Y,  p(n) = o(z) by the case above.

k=1
c.do(kyd)=1 =
¢ iEald(z) nEuk(v)
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(ii) Let d = g.c.d.(a,m). Then we have > A(n)= > A(d)A(n) =
nE,-:.aS(:t) nE:édaE;r‘;/d)
Md) tm7ay EZ x(%) Z/d A(n)x(n) = o(z) (by (18)).
X€lm a n<lz

20. We note that {jn+Im:0< j < m,0<1< n,g.cd.(j,m)=g.cd.(l,n) =1}
is a complete system of residues prime modulo mn. From this it follows that

m-—1 n—1 o
n(Ben(k) = X % ik m1/)
j=o0 =0
g.c.d.(jym)=g.c.d.(I,n)=1
m=—1 n—1 . mn-—1 .
— E E e21nk(;n+lm)/mn — Z eznkt/mn = Cmn(k).

j=0 1=0 t=0
g.c.d.(j,m)=g.c.d.(I,n)=1 g-c.d.(t,mn)=1



Index of Names

Apéry 11,184
Apostol 205
Artin 204

Bachmann 71
Baker 190, 205
Beukers 184
Blanchard 205
Blichfeldt 46, 63, 65
Bohl 26

Cassels 205

Chandrasekharan 205

Chebyshev 108, 111, 112,
114

Cohn 205

Corput, van der 30

Davenport 184, 185, 205

Dickson 205

Dirichlet 1, 2,12, 75, 81,

142, 143, 150, 205
Dressler 107

Edwards 205
Ellison 205

Erdos 107, 114, 194
Estermann 23, 205
Euclid 106

Euler 59, 114, 205

Fermat 3, 59
Firneis 206

Galambos 205

Gauss
160, 164, 168, 205

Gel’fond 206

Grace 85

Gruber 206

Gupta 204

107, 108, 138, 151,

Hadamard 114, 194

Hardy 191, 206

Hasse 206

Hecke 123,134

Heegner 190

Heilbronn 190

Hlawka 65, 185, 186,
204, 206

Hoheisel 193

Hua 206

Hurwitz 184, 185

Huxley 206

Ikehara 114, 194, 195
Ingham 115, 192, 206
Iwaniec 191

Jones 192

Kaindl 185

Khintchin 206
Knopfmacher 206
Koksma 206

Korobov 192
Kronecker 19, 23, 186
Kuipers 206

Lagrange 55

Landau 71, 101, 191,
199, 206

Lang 206

Langmayr 185

Lebesgue 194

Legendre 107, 193, 205

Lehmer 190

Lekkerkerker 206

Lenstra 173, 183

LeVeque 206

Linnik 194

Liouville 93

Littlewood 192

Lovész 173, 183

Mangoldt 92
Matijasevié¢ 191
Mertens
Minkowski
185, 205
Mobius 85, 89, 200
Montgomery 193, 206
Mozzochi 191, 193
Miiller 191

1, 47, 49, 65,

Narkiewicz 206

Newman 115, 196

Niederreiter 206

Niven 184, 186, 190,
205, 206

Nowak 191

Odlyzko 193
Ore 205

Page 194

Pell 3

Perron 206
Pélya 151, 154
Prachar 206
Prasad 184

Rabinowitsch 187
Rademacher 206
Ramanujan 202, 204
Ram Murty 204
Richards 193
Rieger 206

Riele 192, 193
Riemann 114, 191, 193
Riesz 206
Rodosskii 194
Rogers 68

Schmidt 184, 185
Schneider 206

Schoifengeier 186, 205

112, 114, 120, 193



236 Index of Names

Schwarz 206
Selberg 114, 194
Serre 206

Siegel 15, 194, 206
Sierpinski 26
Smale 183

Stark 190

Taschner 186, 191

Tichy 185

Titchmarsh 207
Turan 204

Vallée-Poussin 114, 192,
194

Vaughan 193

Vinogradov 89, 151, 152,

154, 192, 207
Walfisz 207

Wang 206

Weyl 26, 28, 30, 34, 186
Wiener 114, 195
Wright 206

Zagier 207

Zaremba 207

Zinterhof 206
Zuckerman 184, 186, 205



Index of Terms

Abel transformation 76, 78
Abscissa of absolute convergence 96
Algorithm of Lenstra, Lenstra and
Lovész 173
Approximation function 16
Approximation theorem
Dirichlet 1
Kronecker 20

multidimensional Dirichlet 12, 69
multidimensional Kronecker 23, 69

Associated element 60
group 69
Asymptotically equal 72

Bad element 187
Bernoulli polynomial 103
number 103

Cantor series 6
Centre of symmetry 47
Character 139
Dirichlet 142
primitive 152
real 146
Character group 140
Chebyshev’s theorem on diophantine
approximation 35
Chinchin’s theorem 16
Conductor 152
Convergence abscissa 95
Convex 47
Convex body 69
Convolution 91
Covering lattice 44
Cyclotomic polynomial 103

Defining modulus 151
Deformation theorem 65
Density 88

Discrete set 68

Dirichlet divisor problem 191

Dirichlet L-series 143
Dirichlet series 90

Erdos’ theorem 14
Euler-Mascheroni constant 81
Euler-McLaurin sum formula 104
Euler sum formula 79

Farey series 17
Fejer’s theorem 36
Fibonacci numbers 35
Figure lattice 43
Filling lattice 45
Fraction, in lowest terms 2
Fractional part 19
Functional equation of the Riemann
Zeta function 136, 181
Fundamental domain 44
Fundamental parallelipiped 42
Fundamental inequality of
van der Corput 30

Gauss circle problem 84, 191
Gaussian integer 59
Gauss sum 151
quadratic 165
Group 138

Hurwitz’s theorem 17, 184, 185
Hurwitz’s Zeta function 105

Induced character 171
Integral element 60

Integral logarithm 107
Integral unimodular matrix 40
Irrational number 3

Landau symbol 71
Lattice 38
basis 38
constant 41
point 46
vector 38



238 Index of Terms

Lemma
Carl Ludwig Siegel 15
Riemann-Lebesgue 194
Vinogradov 88
Linearly independent numbers
Liouville number 10
Liouville function 93
Liouville’s theorem 17

22, 35

Main theorem
on uniform distribution 32
on linear diophantine equations 2
Mangoldt’s function 92
Matrix 40
Minkowski’s theorem
on lattice points 47
on linear forms 49

Neighbour of a Farey fraction 16
Norm 59

Orthogonality relations
for group elements
for group characters

140
141

Pell equation 3

Point lattice 46

Poisson’s sum formula 136
Prime element 60

Prime number theorem 121

for arithmetic progressions 149
Hecke’s 134
of Page, Siegel and Walfisz 194

Principal character 143
Product theorem on homogeneous
linear forms 51

Quadratic reciprocity law 160, 164

Ramanujan sums 202

Rank of a set in IR® 68

Rational number 2

Reduced basis 174

Reduction modulo1 1

Riemann conjecture 191, 193
zeta function 100

Sign of Gauss sums 168, 171
Star-shaped 47
Successive minima 69

Symmetric 47

Tauberian theorem of Ingham-Newman
115

Theorem
Apéry 11
Blichfeldt 46, 63, 69
Chebyshev 108
Dirichlet (arithmetic progressions)
150
Fermat (Pell equation) 3
Fermat-Euler 59
Lagrange 55
Landau 101
Mertens 112
Minkowski-Hlawka 65
Pélya-Vinogradov 151, 154
Vinogradov 160
Weyl 34
Wiener-lIkehara 195
Wiener-Ikehara (simplified version)
118

Theta function 136

Type of a real number 16

Uniformly distributed 26
modulo 1 26
Unit 60

Weyl’s criterion 28



K. Ireland, University of New
Brunswick, Fredericton, N.B.,
M. Rosen, Brown University,

Providence, RI

A Classical Intro-
duction to Modern
Number Theory

2nd ed. 1990. X1V, 394 pp. 1 fig.

'(Graduate Texts in Mathe-
matics, Vol. 84) Hardcover
DM 98,- ISBN 3-540-97329-X

Contents: Unique Factoriza-
tion. - Applications of Unique
Factorization. - Congruence. -
The Structure of U(Z/nZ). -
Quadratic Reciprocity. - Quad-
ratic Gauss Sums. - Finite
Fields. - Gauss and Jacobi
Sums. - Cubic and Biquadratic
Reciprocity. - Equations Over
Finite Fields. - The Zeta Func-
tion. - Algebraic Number
Theory. - Quadratic and Cyclo-
tomic Fields. - The Stickel-
berger Relation and the Eisen-
stein Reciprocity Law. -
Bernoulli Numbers. - Dirichlet
L-Functions. - Diophantine
Equations. - Elliptic Curves. -
The Mordell-Weil Theorem. -
New Progress in Arithmetic
Geometry. - Selected Hints for
the Exercises. - Bibliography. -
Index.

N. Koblitz, University of
Washington, Seattle, WA

A Course
in Number Theory
and Cryptography

1987. VIII, 208 pp. 5 figs.
(Graduate Texts in Mathe-
matics, Vol. 114)
Hardcover DM 74,-

ISBN 3-540-96576-9

Contents: Some Topics in
Elementary Number Theory. -
Finite Fields and Quadratic
Residues. - Cryptography. -
Public Key. - Primality and
Factoring. - Elliptic Curves. -
Answers to Exercises. -

Index.





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFA1B:2005
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0034002e00350032003600330029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003100200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




